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Abstract

The on-demand food delivery (OFD) industry has experienced significant growth in recent
years; however, this rapid expansion has also presented numerous operational challenges for OFD
platforms. While existing studies on the operational design for OFD platforms offer valuable
managerial insights, few of them have considered spatial heterogeneity which greatly impacts the
OFD market because many drivers deliver orders as bundles, i.e., delivering multiple orders in a
trip. This work develops a network equilibrium model to capture the complex interactions among
the market’s three major players, namely, customers, drivers, and merchants. We consider a
game-theoretical framework in the Stackelberg leader-follower structure. As the leader, the OFD
platform aims to achieve its desired objectives by leveraging two major operations: (1) the batch-
matching between delivery drivers and orders, and (2) the bundling delivery dispatching which
optimizes the drivers’ routes in delivering multiple orders per ride. Three market players are
regarded as followers, with their behaviors depicted by utility-based discrete choice models, and
their interactions on a network scope captured by the three-sided network equilibrium model.
We formulate the matching and delivering problem as a mathematical program with equilibrium
constraints, and develop a coordinate descent—based algorithm to solve it efficiently. Through
extensive numerical studies on real-world data, we showcase the efficacy of our proposed model
in evaluating the performance of various operational strategies for OFD platforms. Our analysis
offers insights into the impacts of platform operations on market players from a stationary
equilibrium perspective. The proposed model can be utilized as an analytical tool to assist OFD

platforms and the government in high-level planning that enhances efficiency and sustainability.

Keywords: On-demand food delivery; On-demand transport services; Network equilibrium;

Bundling delivery; Mathematical programming with equilibrium constraints (MPEC).
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1 Introduction

In recent years, on-demand food delivery (OFD) services have experienced a remarkable surge, po-
sitioning it as one of the fastest-growing sectors in the service industry. According to The Business
Research Company (2024), the online food delivery market is predicted to grow (at a compound an-
nual growth rate) 11.5% from 2023 to 2024. This notable increase in popularity can be attributed
to various socio-economic factors, including consumer preferences, advancements in digital tech-
nology, and post-COVID customer behavior, where, compared with dine-in in restaurants, many
people have been used to reducing physical interactions and choose to order online. The OFD ser-
vice offers several societal benefits, including convenient dining options for customers, flexible work
opportunities for freelancers, and increased revenue for restaurants. These advantages have driven
the growth of this type of service in recent years, and numerous large companies have emerged,

including Uber Eats, DoorDash, and Deliveroo, among others.

However, there are also many challenges in OFD service design. In urban areas, people nor-
mally expect fast and high-quality delivery services, and they tend to prefer ordering food from
anywhere and anytime, but in practice, the delivery drivers are not always available in the vicinity
of their desired restaurants. This challenge requires the service provider to coordinate the delivery
drivers wisely, even to reposition additional drivers from adjacent areas if necessary. Also, the
complex interplay of customers, drivers, and merchants makes it more difficult to understand the
market. For instance, market conditions, such as the customer demand, may impact whether a
merchant is willing to be online to the OFD service and also impact the vacant drivers’ cruising
behaviors. Although the decision to join the OFD market can be long-term, it is also possible to be
a short-term decision because some merchants have different schedules on the OFD platform. For
example, be offline during peak hours and be online during off-peak hours. This paper emphasizes
merchants’ behavior on their within-day decision of whether to be online to the market and thus the
number of merchants can be dynamic. Besides, the platform’s operational strategies and commis-
sion/wage/fee schemes affect the system in a sophisticated way, especially in the vehicular flow of
drivers in the urban road network. Therefore, understanding the operations of the OFD system and
their effects on customers, drivers, and merchants is crucial, particularly when accounting for the

spatial heterogeneity and network interactions that are prevalent within a transportation network.

The OFD service usually involves centralized operations from food delivery platforms and
several market players (customers, drivers, and merchants), which is similar to other types of on-
demand urban mobility services such as ride-sourcing (RS). However, compared with the RS service,
there is an additional market player in the OFD service, namely, the merchant (or restaurant, we
use these two terms interchangeably in this paper), other than the customers and delivery drivers.
Merchants in the OFD market can decide whether they are online to the OFD platform or not,
based on their perceived market conditions, which are influenced jointly by the behaviors of the

other two players in the OFD market as well as the platform. On the other hand, the behavior of
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the merchant, in turn, has an impact on others. The interplay among the three market players,
therefore, brings more challenges to the operational management of the OFD service. On top
of the additional market player, the frequent application of order bundling (also known as order
consolidation) in OFD makes it more challenging than the operations in the RS market. The
RS market, albeit there are also ride-sharing or pooling services, normally tackles the problem of
delivering a single individual from one place to another. It is the nature of the RS service that
does not allow it to deliver too many passengers in one route as it is majored at providing a timely
mobility service. In contrast, it is more commonly seen in an OFD market that a driver picks up
multiple orders and delivers them sequentially. The order assignment thus becomes more complex
than that of the RS service due to order bundling. To this end, the OFD service appears to be
more challenging than the RS service, and therefore, despite a rich body of literature in the RS
community, the marked differences between RS and OFD markets makes it impractical to apply

RS service models directly to the OFD service.

The OFD service is categorized into a type of transportation-enabled service within the trans-
portation research community (Wang, 2022). The remarkable rate of growth exhibited by this
phenomenon has captured considerable attention within the academic community, and many have
raised concerns regarding the operational challenges (e.g., Li et al., 2020; Chen et al., 2022). How-
ever, existing works on analyzing the food delivery service design (e.g., Yildiz and Savelsbergh,
2019; Zhang et al., 2025) primarily concentrate on the system’s overall performance from an ag-
gregate level, but the detailed network-wide characteristics, such as the customer and driver flow
on a transportation network, are not well studied. On the other hand, optimization-based models
(e.g., Simoni and Winkenbach, 2023) primarily emphasize order assignment or routing problems,
which are more suitable for real-time/short-term decision-making problems with a fixed set of cus-
tomer requests and drivers. These optimization models do not usually capture the behaviors of
customers, drivers, and merchants and their complex endogenous interactions. Thus, a network
equilibrium model is needed to study how the three players respond to the OFD platform’s opera-
tional strategies, as well as to analyze the managerial insights. By “managerial insights”, we refer
to the insights that is useful for managing an OFD market, which includes the market responses
under different order dispatching strategies, the impact of bundling capacity, driver fleet size, and
pricing strategies. These insights are helpful for platform operators or government practitioners to
make decisions on the management of this market. This network model will be beneficial for OFD
platforms in devising pricing, dispatching, delivery, and order bundling strategies while accounting

for the behaviors of different players and network heterogeneity.

This paper develops a three-sided network equilibrium model of the OFD market. We design
a mathematical framework to model the behaviors of the platform and three market players. A
leader-follower game is adopted to depict the OFD system, where the platform acts as the leader
and others are followers in response to the decisions from the platform. We consider two decision

problems for the OFD platforms, namely the batch-matching problem and the bundling delivery



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

A three-sided network equilibrium model for on-demand food delivery services

dispatching problem. In the batch-matching problem, the platform first accumulates a certain
number of delivery drivers and order bundles and then pairs them up with a specific objective such
as profit maximization. In the bundling delivery dispatching problem, order bundling is studied
in this work which allows delivery drivers to carry more than one order in each delivery task.
The platform determines optimal delivery sequences in each order bundling, aiming at minimizing
either the wage cost for drivers or the customer waiting time. The proposed modeling framework
provides analyses of the behaviors and resulting network flows of the three market players on
a service network. We also study the pricing designs, including the commission extracted from
merchants’ revenue, the delivery fee collected from customers, and the wage paid by the platform

to drivers. The main contributions of this work are summarized as follows.

1. We develop a three-sided network model to capture the behaviors and network flows of cus-
tomers, drivers, and merchants in an OFD system. We consider the bundling delivery strategy
as a dispatching problem by treating their movement with vehicular flows. This approach en-
ables us to formulate bundling delivery into the joint optimization model of the OFD system

and in an equilibrium state, termed the stationary matching and dispatching (SMD) problem.

2. Our model can capture the stationary matching between customers and drivers in a batch-
matching procedure as well as the bundling delivery process. We formulate and compare
three delivery strategies, namely the random-bundling strategy (RBS), the delivery cost min-
imization strategy (DCS), and the waiting time minimization strategy (WTS). We show our
model’s practical value in evaluating different operational goals and discuss the impacts of

how different dispatching strategies to the system.

3. This study discovers the behaviors of network-wide interactions of the service network analysis
with an additional market player, i.e., the merchant, compared with the two-sided ride-
sourcing market and thus fills in the research gap. Considering the increased model complexity
introduced by the new market player, we approximate the SMD problem using a coordinate
descent—based iterative approach. Numerical experiments show that our approach is efficient

while keeping good feasibility.

The rest of the paper is organized as follows. Section 2 summarizes the related work in
the field of on-demand food delivery service and the network analysis in ride-sourcing service.
Section 3 describes the convention used in this paper and a general framework of the problem.
In Section 4, we first analyze the behaviors of three market players, and then state the three-
sided network equilibrium conditions. We then present how we model the platform’s decisions
including batch-matching and delivery dispatching. Section 5 formulates the stationary matching
and dispatching (SMD) decisions and the solution algorithm for the SMD problem. Section 6

demonstrates numerical experiments and Section 7 finally concludes the paper.
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2 Literature review

A considerable number of research works have been done to design or understand the OFD services.
We classify representative works into three categories. The first cluster of research investigates the
empirical insights from real-world datasets or leverages the advantages of rich data availability and
develops descriptive/data-driven methods. Mao et al. (2019, 2022) study the impact of early/late
arrival of orders to the future customer behaviors as well as the impact of drivers’ local geo-
graphical knowledge on the delivery time. Other research attempts to explore the insights from
datasets/surveys and reveal practical values, such as Liu et al. (2023) who study the additional
working opportunities for female workers thanks to the food delivery industry, Nguyen-Phuoc et al.
(2022) who conduct a unique survey to study the traffic safety concerns due to OFD services, and
Liang et al. (2024) who study the merchants’ willingness to wait using a survival model. On the
other hand, data-driven methods, especially machine learning techniques, appear to be popular in
recent years. These efforts tackle the problems including the prediction on order information (e.g.,
Zhu et al., 2020; Liang et al., 2023), integration of prediction into operations (e.g., Hildebrandt
and Ulmer, 2022), etc.

Besides the school of data-driven research, the second research stream concentrates on the
operational optimization of vehicle routing or workforce scheduling. The OFD has been formulated
into the meal delivery routing problem (Reyes et al., 2018), which is also considered as a variant
of a more general cluster, the dynamic pickup and delivery problem (DPDP), such as Ulmer et al.
(2021). We refer to Berbeglia et al. (2010) for a comprehensive review of DPDP. However, this
type of problem is difficult to solve especially when considering integer programming, and various
academic endeavors have been undertaken to develop effective solution algorithms for the optimiza-
tion problem. Approaches such as heuristics (e.g., Simoni and Winkenbach, 2023), decomposition
approaches (e.g., Ulmer et al., 2021), and machine-learning-based acceleration techniques (e.g.,
Behrendt et al., 2023) are of particular interest in the literature. In summary, these efforts are
primarily focused on the operational strategies within the delivery service market which is more
“microscopic”. This involves developing solutions and techniques that optimize specific aspects
of operations, such as route assignment, vehicle scheduling, and workforce scheduling, to improve
overall efficiency and customer satisfaction, but the behaviors of customers, drivers, and merchants

and their endogenous interactions remain unclear.

The third school of literature is the market equilibrium analysis of the OFD market which
provides high-level managerial insights. These insights are of interest to decision-makers/system
operators, especially for those who do not perform hands-on operations but need an overall un-
derstanding of the market, such as the government or the senior manager of a company. Existing
studies predominantly concentrate on an aggregate level of analysis, adopting a “top-down” ap-
proach to study the system. These studies often employ logical reasoning and develop concise

models to comprehend the behavior of market players within the delivery service market. By ex-
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amining the market as a whole, these studies aim to gain insights into the “average” interactions of
various stakeholders involved in the delivery service system. Yildiz and Savelsbergh (2019) are the
first, to the best of the author’s knowledge, to study the single-restaurant scenario and develop high-
level insights regarding the size of the service region, probability of order acceptance, and platform
profit. Ke et al. (2024) study the effect of order bundling and the delay due to food preparation
time which was normally pre-assumed to be negligible by previous studies. Bahrami et al. (2023)
proposed a modeling framework to study the three-sided market of the on-demand food delivery
service which incorporates customers, drivers, and restaurants. Ye et al. (2024b) discovered the
pricing and market equilibrium problem using a physical routing and matching model. Zhang et al.
(2025) develop a model to analyze the impact of service region size and order bundling, and taking
the food preparation time into consideration. To sum up, these aggregate models predominantly
rely on strong assumptions that neglect the significance of spatial heterogeneity, both of which are
crucial aspects of real-world operations. By simplifying spatial differences, such as using an a priori

customer distribution, these models become susceptible to losing their practical values.

The OFD service exhibits various similarities with other urban mobility services such as the
ride-sourcing (RS) service. In terms of time efficiency, both OFD and RS belong to demand-
responsive service which is requested upon needed. Also, both services may rely on a centralized
platform that organizes drivers to pick up passengers/meals and drop them off at pre-determined
locations. In the context of RS research, numerous efforts have been made in the existing literature.
They also span across the fields of aggregate analysis (e.g., Ke et al., 2020a; Yang et al., 2020),
optimization and decision-making (e.g., Chen et al., 2020; Lyu et al., 2023; Courcoubetis et al.,
2024), or network analysis (e.g., Yang and Wong, 1998; Yang et al., 2010; He and Shen, 2015; Xu
et al., 2021). Notably, the ride-sharing (e.g., Wang et al., 2018; Di and Ban, 2019; Chen et al., 2025)
and ride-pooling (e.g., Alonso-Mora et al., 2017; Ke et al., 2020b; Wang et al., 2021; Zhang and
Nie, 2021; Bahrami et al., 2022) services are comparable to the OFD service because drivers also
provide services to more than one customers. However, despite the similarity between RS and OFD,
it is also discussed in the literature that human passengers are needier than packages (Daganzo
and Ouyang, 2019), which underscores the differences between the OFD and RS service designing.
Readers are directed to Wang and Yang (2019) for a comprehensive review of the literature in RS

service.

Among the RS literature, those dealing with network analyses is of particular interest and
most relevant to this study. Yang and Wong (1998) is the first study considering a network model
to investigate the demand—supply relationship in the taxi market. They study the drivers’ cruising
behaviors in the road network and provide thorough analyses on the vehicle utilization, and drivers’
waiting times. Yang et al. (2010) extend the network model and formally state the matching equilib-
rium (also termed the market clearing) in the taxi market and prove the existence of the equilibrium.
The matching equilibrium differs from the traditional Wardrop user equilibrium (Wardrop, 1952)

which is extensively studied by the transportation community. In user equilibrium, transportation
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participants face alternative paths with the same utility and cannot benefit themselves by choosing
any other options. However, in the matching equilibrium, the stationarity comes from the steady
state of the matching rate (in the taxi market, it is the driver-passenger meeting rate) which makes
the number of awaiting customers and vacant drivers in the system stable and invariant of time.
In other words, new customer demands are constantly being generated but also matched with taxi
drivers who are also ready to serve them, and finally, the system reaches a market clearing. Apart
from the traditional taxi market, e-hailing using portable devices has become prevailing due to
the development of smartphone technology. He and Shen (2015) develop a network equilibrium
model for the e-haling of taxis. They conclude that the e-hailing mode can reduce the customer
waiting time due to the small matching friction. Xu et al. (2021) develop a model including both
market equilibrium and path equilibrium in the ride-sourcing context where many drivers are free-
lancing workers instead of dedicated taxi drivers. They extend the previous works by considering
inter-regional matching instead of local matching strategy, and they propose a novel data-driven
matching function inspired by circuit theory to obtain the matching rate between drivers and cus-
tomers. In OFD, most recently, Ye et al. (2024a) develop a network-equilibrium model to answer
questions of whether and if so, how can autonomous vehicle technology benefit the OFD market.
However, the bundling strategy is restricted to those orders sharing similar origin-destination pairs.

Besides, the merchant behavior is not fully studied.

The existing literature has contributed greatly to understanding and designing the OFD ser-
vice, ranging from empirical analysis to optimization, and also aggregate analysis. However, few
of them (only Ye et al., 2024a) consider the network equilibrium and the spatial heterogeneity is
often over-simplified by aggregate analyses. In the RS research community, although many studies
have investigated spatial heterogeneity and conducted follow-up equilibrium analysis, the opera-
tional strategy of the RS market cannot be directly applied to the OFD market because there
are many differences between them. First, the ride-sourcing market involves two market players,
namely customers and drivers, while the OFD market has three players: customers, drivers, and
merchants (Bahrami et al., 2023). The analysis involving three market players brings many more
challenges than that of a two-sided market. For instance, the traffic in the three-sided food de-
livery market will affect both merchants and customers, the interplay between which will in turn
affect the drivers’ behaviors. Second, the OFD service usually involves bundling delivery which
allows each driver to carry more than one order in one delivery trip. The additional flexibility
comes from the fact that inanimate objects (i.e., foods) are generally less needy than passengers.
The bundling behavior makes the OFD market distinct from the ride-sourcing market because
the delivery routing should be carefully designed otherwise significant detours would be generated.
Current research attempt (Ye et al., 2024a) deals with the order bundling strategy using a simpli-
fied approach, i.e., only those with similar origin-destination pair can be bundled. However, this
approach may lead to insufficient delivery supply within a local area and thus requires the platform

to reposition additional drivers to supplement the delivery. Our model deals with order bundling
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using an optimization model by treating the it as a dispatching problem. This process integrates
the bundling delivery flow into the joint optimization, combining matching and dispatching,g and
ultimately provides optimal solutions to decision makers. Overall, this paper develops equilibrium
conditions that analyze the complex interplay among three market players under equilibrium. The
network model considers the spatial demand imbalance and driver trip flow. We also contribute to
the literature by developing a mathematical framework to describe and understand the platform

operation (matching and dispatching) in a steady-state equilibrium scenario.

3 Problem definition

This section describes the network flow equilibrium problem in the OFD context. We study the
stationary state of an OFD system considering the platform’s batch-matching and the bundling
delivery dispatching problems. These two decisions are not inclusive but contribute most to the
behaviors of the other three stakeholders. Hence, the main emphasis of this paper diverges from
the extensive existing literature on optimizing routing problems for either matching or delivery.
Instead, it concentrates on the steady state of the system and explores the behaviors of various
players and their endogenous interactions on a service network. The drivers’ routing is focused on
the path flow on each possible path under equilibrium. The glossary of notation is listed in Table 4

in Appendix A for easier access to the meaning of each symbol.

In the OFD market, we suppose there is a centralized platform and three market players:
customers, drivers, and merchants. For drivers, each of them participating in the market can be
one of the three statuses, namely “occupied” status (those are delivering meals to customers),
“pickup” status (instantaneously after being matched), and “vacant” status (those are cruising to
a waiting point or staying on standby for the next match). We consider an area (for example, a
city) that consists of different regions, represented by nodes in a network (“region” and “node” are
used interchangeably hereinafter). Let (V&) represent a network where N denotes the node set
representing each region and £ denotes the edge set representing the set of links between every
two regions. Let N°" C N be the set of all the possible nodal locations of customers, N C A/
be the set of the nodal locations of merchants, and N C A be the set of all the possible waiting
points for vacant drivers. A waiting point is a place where drivers may stay and wait for the
next round of delivery tasks. Note that these three sets N, A™" and N9 are not necessarily
mutually exclusive. Merchants are considered as clusters at each node to approximate the real-
world situation that there is restaurant agglomeration. For instance, there are often food plazas
in North America or a shopping mall in East Asia where many restaurants are located closely and
OFD drivers can collect multiple orders from different restaurants from that cluster. We make an
assumption, consistent with existing literature (e.g., Bahrami et al., 2023 and Zhang et al., 2025),

that drivers collect a bundle of orders from a “restaurant cluster” before delivery.
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In the OFD market, the platform operators need to manage a fleet of drivers to serve customers
who are located at node ¢ € N ordering meals from merchants at nodes m € N™'. As discussed
earlier in this section, two decisions are considered. The first decision is to coordinate matched
drivers to pick up a bundle of meals from a merchant location, which is regarded as the matching
problem to solve the matching flow, denoted A, , where the superscript p stands for “matching”
and the subscripts v and m stand for, from vacant drivers’ waiting points at v € A% to merchants’
locations m € N'™°', We consider a batch-matching problem where some vacant drivers and some
order bundles are first kept waiting at the matching pool and then paired after some time, aiming at
improving the operation objective, such as platform profit. After matching, the matched drivers will
pick up the orders and deliver them one by one at a flow A\ = which is a series of decision variables
denoting the matching flow where the superscript represents “matching” and the subscripts stand

for locational indexes.

The matched drivers may travel inter- or intra-regionally for pickup, based on the platform’s
matching decision. The intra-regional matching is most efficient if local drivers are sufficient to
satisfy the delivery demand. The calculation of intra-regional distance is placed in Appendix B.1
where we borrowed the idea of catchment area of a merchant from existing literature, and keep the
generality of the problem setting in this section. However, it is sometimes necessary to allocate
drivers from other regions to pick up orders especially when local drivers are in short supply. This
allocation of drivers is usually termed reposition in existing studies (e.g., Luo et al., 2023; Guan
and Bao, 2024), and how to coordinate drivers from one region to another should be answered by

solving a matching problem.

The second operational decision is to assign delivery drivers to the delivery routes to improve
the efficiency of the bundling delivery. It is then termed the bundling delivery dispatching problem
or the delivery dispatching problem for short. In each bundle, there could be orders from customers
in different places. We define a bundle of customer orders as an order bundle, and the sequence to
complete an order bundle is defined as the delivery path. We call the number of orders in a bundle
the bundling ratio denoted k, and it should be satisfied that k < k where k is an exogenous variable
representing the maximum allowable number of orders in a bundle, or the bundling capacity for
short (restricted by safety considerations or physical capacity of vehicles). In the following, we use

math language to formally define an order bundle.

Definition 1 (An order bundle of size k). Under a bundling capacity ]Aﬁ, for a bundling ratio
k<k, let BE, denote a possible order bundle of merchant at m, we say the bundle consists of a few
orders by, ; indezed by j, i.e., BF = {by;}, where by, j € N are (repeatable) customer orders
and j={1,...,k}.

For any k < 12:, the set of all possible bundles of size k of merchant at m is denoted as BF, :=
{all possible BX }. For all k, we denote all bundles (of all sizes) of merchants at m as B, := U, BE,.

Here, we define an index set Z,, containing all the indexes of B,,, i.e., the i-th bundle in B,, is
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written as By, ; for i € Z,,,. Its cardinality I,, := |Z,,|] means the total number of possible order

bundles from the merchant at m.

Definition 2 (Delivery path). Given By, i, a delivery path Pp,; is defined as the shortest path
starting from the merchant at m and visiting the customers in By, ;. The shortest-path length is

denoted dy, ;.

The calculation of the shortest-path distance requires the data of the distances between every
two nodes of the network. In practice, we can pre-calculate all the distances of the inter-regional
OD pairs (i.e., origin and destination are different) by algorithms such as Dijkstra’s algorithm, and

store them for calculating the distance of a delivery path.

In a stationary equilibrium, the flows of delivery paths remain consistent, with the equilib-

rium being contingent upon the platform’s decision-making in matching and bundling dispatching

o .
m,e)

problem. The delivery path flow, i.e., the vehicular flow of each delivery path, is denoted by A
corresponding to a delivery path P, ;. The bundling delivery is one of the key differences between
ride-sourcing and food delivery services. Because of order bundling, customers who arrive early
may need to spend some additional waiting time for subsequent orders to form a complete bundle.
Since bundling delivery requires delivery drivers to visit multiple customers, the visiting sequence
becomes vital and differs from dispatching strategies. We compare three strategies in this paper for
the bundling delivery dispatching problem, which are the random-bundling strategy (RBS) wherein
the platform does not intervene in the delivery dispatching, the delivery cost minimization strat-
egy (DCS) which emphasizes reducing the labor cost, and the waiting time minimization strategy
(WTS) which aims to minimize the customers’ total waiting time. The detailed formulation and

discussion will be given later in Section 5.1.2.

Besides the platform’s decision, three market players act in response to the platform operators’
decisions. Customers decide whether and how to choose takeout food from which restaurant based
on their perceived utility which is affected by the platform’s decisions. Also, vacant drivers can
freely travel across the network and choose the “best” (in terms of their perceived utility) waiting
point where they will be matched to the next delivery task. Additionally, merchants decide whether
to be online on the platform or not based on their perceived utility. Therefore, the food delivery
system in a network context is a leader-follower game where the platform holds more superior
information and makes decisions, while customers, drivers, and merchants are the followers. We
examine the stationary state of the system, where there are three sides of interaction among the
three players, thus we term it a three-sided equilibrium. At each time instant, the average number of
awaiting (for matching) order bundles targeted at merchants at m, the average number of awaiting

vacant drivers at v, and the average number of merchants that are willing to be online to the

cus dr

mer
m m”U I

and mer,

platform in the market at m, are denoted by m respectively. The notational
convention here is that the superscript denotes which entity (customer, vacant driver, or merchant)

it represents, while the subscript denotes the locational index. To better understand the system,
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Platform decision Market equilibrium

_________________________________________

[
1 \
' Batch Drivers |
1 .
1 | matching matching i
1
1 1
1
' + Drivers Drivers i
' in pickup vacant I
1 . . .y
! — : (_): Driver transitions
1 H .. .
' | Delivery erenants J J+ (7): Equilibrium state
| | dispatching I
! ; O: Number of market

. players

Figure 1: Diagram of the equilibrium of market players. The platform manipulates the market
equilibrium through two decisions shown on the left. The market equilibrium is reflected by the
number of market players (the orange block), and endogenously by driver status transitions (the
yellow block).

we regard them as the equilibrium variables of the stationary state because their values contain
information about the food delivery demand—supply relationship and merchant willingness to be
online to the OFD market.

In summary, the platform performs the matching and delivery dispatching decisions, and in
equilibrium, these decisions should be maintained at a stationary level. Let A* and A% denote
the vector form of batch-matching flow and delivery path flow, respectively, we need to solve them
using the proposed modeling framework, depicted in Figure 1. Apart from the decisions, the defined
three-sided market involves equilibrium problems, which makes the matching-dispatching problems

become a mathematical program with equilibrium constraints (MPEC). The equilibrium variables

cus dr

mer
m m?.} ’

mer are solved by the equilibrium conditions (see formal definition in Section 4.2).

m and m
We stack these equilibrium variables into a vector m for brevity. Then, we have m € S, (A*,A\%)
where S, denotes the solution set of the equilibrium which is affected by the platform decisions A¥
and A». With this setup, we name our problem as the stationary matching and dispatching (SMD)

problem, and we formalize the stylized structure of SMD as illustrated in Figure 1 as follows:

[SMD]  min,  fu(m, A") + fa(m, Ap) (1a)
st. meS. (A A%), (1b)

M e Fu(m), (1c)

A% € Fa(m, \'), (1d)

where f,(-) and f4(-) represent the batch-matching and delivery dispatching objectives, respectively.
The customer demand and the vacant driver flow are two intermediate variables in the equilibrium
condition. The symbol F, in Equation (1c) denotes the feasible set of the matching flow which will
be defined in Section 5.1.1, and Fy in Equation (1d) denotes the feasible set of the delivery path
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A three-sided network equilibrium model for on-demand food delivery services

flow defined later in Section 4.2. The equilibrium conditions Equation (1b) makes the problem
belong to the category of MPEC. In the following two sections, we first formulate the customers’,
drivers’, and merchants’ behaviors, followed by a formal definition of the three-sided equilibrium

conditions, and then characterize the platform’s decisions.

4 The three-sided equilibrium

This section presents the network equilibrium model for the three-sided OFD market. The OFD
market serves customers at the demand rate of ¢. The demand rate varies across each OD pair
in the network and it is dependent on both the customers’ location and the interplay with mer-
chants/drivers. The drivers in three statuses are traveling in the network and their vehicular flow
from one region to another is denoted by A° for occupied drivers, A¥ for vacant drivers, and AP for
pickup drivers. We should assume a frictionless process when a driver receives a matching decision
which yields AP = A¥. In this section, we first formulate the demand and supply of the OFD service
based on each market player’s choice behaviors and then analyze the equilibrium conditions and

properties.

4.1 Customers, vacant drivers, and merchants as followers

As briefly introduced in Section 3, customers, vacant drivers, and merchants interact in response
to the decisions made by the platform, thus, we treat them as followers in the market. These three

entities make decisions about whether and how to join the market based on their perceived utilities.

cus mdr
m v

mer

et reflect the equilibrium state of the three-sided equilibrium, and

As a result, m and m

mathematically, they are three sources of the degrees of freedom of the system.

4.1.1 Behavior of customers

We consider the random utility model to capture customer demand following the archetypes of
existing literature (Ben-Akiva and Lerman, 1985; He and Shen, 2015; Xu et al., 2021). A customer
at node ¢ € N°% gelects a merchant at m € N"™ depending on their perceived utility, and the
perceived utility is directly impacted by the platform’s service quality. Two representative waiting
times, namely the average matching time and delivery time, reflect the service quality of an OFD
platform. These two types of waiting times are commonly displayed to customers via the OFD
mobile APPs, thus we assume they are known a priori to customers before they make order requests.
Later in Section 5.1.2, we discuss in detail about four types of waiting times that majorly impact
the service quality, including matching, pickup, delivery, and order accumulation time. Yet in this
section, we mainly discuss the matching and delivery times that directly impact customers’ demand

while leaving the other two to be specified later. We consider four factors governing the customers’
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A three-sided network equilibrium model for on-demand food delivery services

utility, (1) the attractiveness of merchants in region m to customers in region ¢, denoted by A},

(2) the delivery fee, which is the product of the delivery fee per distance p ($/km) and the distance
from the customer at ¢ to the desired merchant at m, denoted by L.y, (3) the average matching
time WS of selecting merchants at m, and (4) the average delivery time as a function of delivery
path flow, i.e., Wé‘fn = Wé%()\%) for customer at ¢ ordering food from merchant at m where the
superscript stands for “customer delivery time” and subscript stands for locational indexes. Let
B ($/hour) be the value of time, the random utility (in the unit of $) of a customer in region ¢

selecting the merchant at m is given by
Ut = Vi & = A, =07 [pLom + BW™ + BWER ] +¢, (2)

where ¢ is the perception error that follows the Gumbel distribution (a standard assumption in
discrete choice theory, yielding logit-like formula, see Train, 2009, pp41-85). In the following, we

discuss in detail the attractiveness, matching time, and delivery time in Equation (2).

Attractiveness to customers. The attractiveness term captures how desirable for a customer
to order food from a target node, and we assume that the attractiveness is only dependent on

the targeting node, not on its adjacent nodes. We consider that the attractiveness of merchants

cus

cus is an increasing function of the number of merchants in that
)

to customers in each region A
region. This assumption aligns with the study in economics. Konishi (2005) argue that “higher
concentration of stores may attract more customers” even under choice uncertainty. Leonardi
and Moretti (2023) argue that those areas with higher numbers of restaurants may attract more
demand because of the agglomeration effect. The specific form can be empirically calibrated by
practitioners, and in this study we adopt a relationship with decreasing marginal utility gain from

an increasing number of merchants, see our discussion in Appendix B.2.

Matching time. We define the matching time at merchant node m as the expected time an
order bundle spends in the “awaiting-assignment” state before a driver is dispatched to pick it
up. Following Little’s law Little, 1961, this quantity is obtained by dividing the steady-state
quantity in the matching queue by the corresponding assignment throughput (matching flow). In
our notation, mo\® denotes the number of customer order bundles waiting at merchant m, and M,
is the assignment flow from drivers located at node v to merchant m (so Y., A% is the total rate at
which orders in m served by drivers). Under the standard stationarity and rate-stability conditions

(arrivals into the matching state equal departures via assignment), the matching time is

cus __ m(v:vlbls
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Delivery time. Each customer in a bundle experiences different delivery times. Suppose the
customer demand from each customer location ¢ to any desired merchant at m is known, denoted
in the vector form q, and given A%, we can use a linear transformation to compute the average

customer delivery time ch‘fn

Claim 1. Given q, ch,ln and W can be obtained by linear transformations from X%.
Proof. See proof in Appendix C. O

We notice that we need to obtain the customer demand q before computing W< | but we

c,m)
calculate Wf‘fn is for computing q. Therefore, obtaining customer demand is a fixed-point system

which we formulate in Section 4.2.

Customer demand flow With the utility function in Equation (2), we are ready to formulate
the food delivery demand of a customer at ¢ choosing to order from a merchant at m (or not using
the food delivery platform), denoted as g.., as an element of the vector q. Suppose the total
demand initiated from customers in the region c¢ is known, and under Gumbel error in customers’

utility perception, the demand rate is

exp (V235)
exp (V5™®) + 3 eprmer exp (Vi)

(4)

qec,m :(jc

where V"

denotes the utility of choosing other dining options apart from the food delivery service,
such as cooking or visiting restaurants in person. According to Equation (4), if customers’ utility
of choosing a merchant decreases, the demand rate will also decrease and these demands will go to
other means of dining. Since distance is a relatively deterministic factor, the matching time and
the delivery time in a region play a pivotal role in attracting customers from other means of dining
to use the food delivery service. Thus, an effective matching and dispatching strategy becomes

crucial.

4.1.2 Behavior of vacant drivers

Drivers are followers in the market in two aspects. First, we consider an elastic vehicle fleet, which
means the fleet size is down to the choice of drivers who are usually freelancers in food delivery
services (Sun et al., 2019; Wang, 2022). This type of worker typically designs their own schedules
based on their perceived utility of joining the market. In this study, we simplify the relationship of
the fleet size by assuming an increasing function of the average earning F which will be discussed in
detail in Section 4.2. This section focuses on the movement of vacant drivers and the corresponding

vehicular flow.
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Apart from the total vehicle supply, the movement of vacant drivers is also decided by the
vacant drivers themselves. Vacant drivers make decisions based on their perception which is in-
fluenced by the platform’s decisions and the behavior of other market players. A food delivery
driver will become vacant status after the completion of delivering all the orders from the previous
bundle. These vacant drivers will decide where to go among a set of potential waiting points that
are within the matching area of at least one of the merchants. We use random utility theory to
capture the movement of vacant drivers as well. Assume that an occupied driver completes their
delivery at a customer’s location ¢ € N°". This driver decides to go to the next waiting point at
v € N9 (which is within a matching area N/#h of a merchant) based on the total utility of this
movement. From the literature (Xu et al., 2021), the total utility of vacant drivers, denoted by

Udr

o, is composed of two aspects. First, the expected earnings, and second, the expected time cost

if traveling to node v:
U =V e = AL 0% [Fy = 8 (hy+heo + W) | e, (5)

where F), is the expected earning rate if traveling to node v, h, is the expected service time if
traveling to node v, h¢, is the travel time from ¢ to v. Similar to the customers, ijir is the
average matching time if waiting at node v where W3 = mdr/S° At computed from using
Little’s formula. The perception error € follows the Gumbel distribution to derive the logit-based
choice model (Train, 2009). Similar to the way we describe the customers’ preferences, we consider
that vacant drivers’ choices are also influenced by the attractiveness of each region AY to vacant
drivers. We make a mild assumption that the attractiveness of a region to drivers is positively
related to the number of merchants in that region because more restaurants mean more working
opportunities, see detailed discussion in Appendix B.3. The expected earnings at node v is the
expectation of the average earnings of drivers serving merchants at m, weighted by the flow-based
probability. Let F}, denote the average earning of the driver serving the merchants at node m, the

average earning for vacant drivers moving to node v is

F, = &=mlvmom 6

where A\ is the matching flow from node v to a merchant at node m for order pickup. The average
earning rate of a driver serving merchants at m is
- 2 ieT, A [Wo + wdm ]

£, = , 7
Sier, X0 ™)

where we consider the wage policy is based on the per-km wage w multiplied by distance plus a

minimum wage wo, and d,,; is the shortest-path distance following the path P, ;.

The expected time cost is related to the length of service time, which consists of two parts, the
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A three-sided network equilibrium model for on-demand food delivery services

pickup time and the delivery time. It is the expectation of the average service time for matching
to merchants at m, weighted by the flow. Let h,, denote the average delivery time of the driver

serving the merchants at node m, the expected time cost for traveling to node v is

Fy :

(8)

where the average delivery time for drivers serving the merchants at node m is

dnL %
}_7, . EiEIm ?n,i |: v’ +kt3:| (9)
" 2 i€, A 7

where ts denotes the dwell time for completing each delivery of an order. Then, the OD flow of

vacant drivers is calculated using the logit-based choice model as

v e (V)

= FPVe) 10
“ Eeexp (V) )

where A, represents the inflow of the occupied drivers who have their last order (in the bundle of

k orders) at ¢ and it is computed by

Ae=>_ D M (11)
m 4 that Pp, ;
ended at ¢

Claim 2. FEquation (11) can be written in vector form as

A =M“NS.. (12)

Proof. See Appendix D. O

In practice, this vectorization process exogenizes the condition sentence in Equation (11) and

can significantly accelerate the computing speed.

4.1.3 Behavior of merchants

Merchants in region m € N'™" decide whether to be online on the OFD platform or not depending
on their perceived utility of using the online food delivery platform. With a known total number

of restaurants in the region m as m,.°", the actual number of restaurants willing to be online to

the platform can be approximated by " multiplied by a proportion obtained from a logit-based
choice model. Existing studies have argued the importance of delivery drivers to the merchants’

decision on joining the market (Du et al., 2023). Also, Hu et al. (2024) argue that online sales
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A three-sided network equilibrium model for on-demand food delivery services

benefit from concentrated delivery drivers in the city center. Thus, we first assume that the more
vacant drivers awaiting in that region, the more restaurants will be willing to be online to the OFD
platform because a sufficient number of vacant drivers can provide a guarantee of delivery efficiency
and service quality. Second, we consider the dependency of customer demand. Since the platform
charges the merchant a certain amount of commission for using the delivery platform, which we
assume is linearly dependent on the price of each order, the impact of demand to merchants’ utility
is not monotone, i.e., it is positive under a low commission rate while negative under a large

commission rate. Then, the merchants’ utility is formulated as

Umer — ymer 4 o — Gﬁm% — 65" vpo ch’m +67 +e, (13)
C

where md denotes the number of awaiting vacant drivers (superscript) at region m (subscript),
~ the proportion of revenue charged by the platform, p, the average price of each order, and
07,1 € {1,2} the coefficients of number of vacant drivers nearby and commission, respectively;
and 6" the intercept that captures unobserved factors that contributes to the utility. Notably,
the quantity m‘fnr is not exogenous local counts but the endogenous equilibrium variables obtained
from system-wide flow balance, vehicle conservation, and fixed-point constraints. Consequently, the
numbers of vacant drivers and merchant that are willing to join the market are already functions
of the entire network state (including nodes within the matching distance), so utilities written as
Uper (-,mf,f) are reduced-form summaries of broader neighborhood availability. Then, the number

of merchants at region m that are willing to be online to the platform is given by

exp (Vmer) R
ﬁer = 1 + exp (T?/mer) mf?nler' (14)
m

The number of merchants in a region influences both customers and vacant drivers. If the
number of merchants in a region increases, the level of attractiveness of a region to customers
will increase because there are more dining options. It also increases the vacant drivers’ utility
because more restaurants mean more potential customer demand and thus a higher probability of
being matched to a delivery task. However, either the awaiting vacant drivers or order bundles
cannot exceed a limit because too many of them accumulated at the merchants’ places will generate
substantial matching time and ultimately reduce their utility. These two opposite driven forces will
finally achieve a balance among the three market players in the system where the system tends to

be steady.

4.2 Equilibrium conditions

The three-sided equilibrium describes the long-term stationarity of the system. The equilibrium

conditions include the demand—supply balance, the fixed-point constraint for customer demand
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A three-sided network equilibrium model for on-demand food delivery services

Figure 2: Delivery path flows and the flux through each customer location.

generation, flow balance, and vehicle fleet reservation. With a slight abuse of notation and to
maintain neatness, we do not include the randomness in the customer demand and vacant driver
flows (on their attractiveness) until the solution section. Our approach on dealing with the ran-
domness in the constraints also follow the structure in Boyd and Vandenberghe (2004, pp. 209),

namely considering the expected scenarios for constraints.

If we define the term “delivery supply” to describe the ability of delivering food by the realized
fleet, we have the first condition, namely the food delivery supply should meet the customer demand
rate. The food delivery supply here is considered as the origin-throughput (OT) trip flow rather
than the origin-destination (OD) trip flow in the conventional ride-sourcing market because of
the bundling delivery. In delivery with bundling, a delivery path can serve multiple customers
at different nodes along its route; hence the delivery supply at a node is determined by whether
an occupied driver visits that node, not solely by their terminal destination. We therefore define
the origin-throughput (OT) flow at node v as the aggregate rate of occupied delivery paths that
traverse v (including if v is the final stop). In other words, every delivery driver traveling through
a location would contribute to the delivery supply to that region. When each tour serves exactly
one destination, OT reduces to the usual OD flow; with bundling, OT generalizes OD by crediting
each visit with one unit of service at the visited node. The OT flow is obtained by computing the
trip flux of each region, i.e., the summation of delivery path flow going through each region, see

Figure 2 as a depiction. The delivery demand—supply equilibrium is expressed as

oT __ o _
e = > A i=dem. (15)
i that P, s
through ¢

As we do in Claim 2, to accelerate the computing, we can remove the condition sentence in
Equation (15) by constructing the vectorized form of the food delivery supply using an exogenous
matrix A with a dimension of |c|-|m| by |Ap|. This matrix transforms the delivery path flow to

the delivery supply rate, i.e., mapping from A% to A?, and the constraint requires A° = q. Thus,
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we can have the following

Claim 3. Equation (15) can be written to vector form as
A’ =AMl =q. (16)
Proof. See Appendix E. O

Second, the customer demand should be solved from a fixed-point system, because demand is
dependent on delivery time while delivery time is in turn dependent on demand. Using a general

form, Equations (2) and (4) can be written as
q=g(m, M, Ap), (17)

representing the customer demand generation process. On the other hand, suppose a healthy
market condition, under a given demand q, there is always an operational decision A%». Therefore,
with a slight abuse of notation, we can treat A% as a general function of q, i.e., A» = h(q) although
the mapping from q to A% is an optimization problem under some operational objectives (see DCS
and WTS in Section 5.1.2). Then, we have the following fixed-point problem as a constraint for

the equilibrium.

q = g(m, A", h(q)). (18)

Third, the matching and dispatching of food delivery drivers should maintain stationarity,
namely the matching rate equaling the rate of drivers becoming vacant (and also ready for match-
ing), and the rate of dispatched drivers (equals matching rate) for delivery equaling to the rate of
drivers becoming occupied. These two conditions are formulated by Equations (19) and (20) as

follows, respectively:
Z/\{“j ZXP m, A\, %), (19)
S M= YA (20)

ve'/\/”rrrr;atch 1€Lm

where N22th represents the matching area of merchants at m. Also, the rate of drivers moving

from the occupied status to the vacant status should also be equal:

Z' A ZA%" (m, M \%), (21)
" endea 't

which is an already-satisfied condition in this study because the vacant drivers flows are computed
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Figure 3: The three-sided food delivery flow conservation and demand—supply equilibrium.

using the behavior choice model (see Equations (10) and (11) in Section 4.1.2 for details). Therefore,

Equation (21) becomes redundant constraints and can be removed without affecting the system.

Equations (19) to (21) establish the three-sided flow equilibrium of matching and dispatching
in an on-demand food delivery system, as depicted in Figure 3. It differs from the two-sided network
equilibrium of the ride-sourcing market (Xu et al., 2021) by the presence of the additional player (the
merchants) which makes it more complex for modeling order consolidation and route assignment in
a network equilibrium model. The different delivery destinations are generally difficult to achieve in
the ride-pooling services because it is hard to ask passengers to gather at a meeting point while it is
easier to achieve in the food delivery market. Apart from the difference between the ride-sourcing
and the food delivery markets, our network equilibrium also exhibits advantages over the aggregate
equilibrium models, such as that of Bahrami et al. (2023). The network equilibrium captures spatial
heterogeneity better than the aggregate models by its nature, by locational-specific choice—based
flows. The network models are also beneficial for practitioners to design and implement operating

strategies on real transportation networks.

Due to the friction of matching and dispatching, it is easy to understand that there will be a
certain number of awaiting drivers and awaiting order bundles accumulated in the market. Also,
since not all merchants are willing to be online on the platform, the number of merchants willing
to be online will be less than the total (exogenous) number of merchants, but ultimately tends to

achieve a steady state. These three groups of variables can be treated as the equilibrium variables
dr

of the stationary state as we discussed earlier in Section 3. We have equilibrium variables mgT,

cus

ous “and mne" so there are v+ 2m unknown variables (the customer demand rate can be obtained

m
by the fixed-point system so the number of equations and the number of unknown variables cancel

out). On the other hand, in terms of the number of equations, there are v+ m valid equations
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in Equations (19) and (20), and from Section 4.1.3 there are m additional equations for obtaining

mer

me which lead to a total of v+ 2m equations established. However, Equations (19) to (21) form
a closed loop, which means that there must be one redundant degree of freedom. As a result, the
number of valid equations is v+ 2m — 1 which is less than the number of the system’s equilibrium
variables. The missing equation elicits the vehicle conservation condition which restricts the total

number of food delivery drivers:

N Pmi\o, hew A%, (m, A, A%) PomA dr. 22
P fF)=20)) G+ 2D heo NG (m N XR) D +2m (22)

:5NF m ZeIm

where Np is an exogenous variable meaning the total number of freelancing delivery drivers that
may enter the market for delivery work (total fleet, exogenous); Nr denotes the realized number
of delivery drivers in the market in the equilibrium state (realized fleet); hy,; := dy,;/v means
the travel time of path P, ;; and h;, means the travel time from z to y. This process allows
us to consider the elastic delivery labor supply, which is endogenously determined in the market
equilibrium (Angrist et al., 2021). We shall make a mild assumption that the realized number
of delivery drivers is positively related to the average earning F (see the labor supply study of
freelancing drivers by Sun et al., 2019), which means 0 f/0F > 0. In this work, we allow the vehicle
fleet size as well as all the equilibrium variables to be decimal numbers for approximation because

our modeling framework aims at describing the system by looking at a stationary equilibrium.

Thus far, we have established the demand—supply equilibrium and the three-sided matching-
dispatching network equilibrium conditions. We are now ready to formally state the three-sided

network equilibrium of the OFD system as follows.

Definition 3 (Three-sided network equilibrium). For any decision variables A and Xp, the on-
demand food delivery service is said to achieve a stationary equilibrium if the equilibrium variable

m satisfies the following equilibrium conditions are satisfied:

ANy =q,
q = g(m, ", h(q)),

> N Zv (m, A, A%),
Z )\U Z )‘mw

(23)

vENmatch i€Tm,
Ne=3" hniro + 3% hed&(mN A2 + 303 Ay e, + S mdr
m i€l c v m v v

It is also said that the market is clearing. During equilibrium, the number of awaiting order

bundles, vacant drivers, and merchants in the market remains the same for every matching interval.
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Among these flows, the batch-matching flow and the delivery path flow are obtained by solving
the SMD in Equation (1), while the vacant drivers’ flow and the customers’ demand rate are
computed by a closed-form formula using the logit-based choice model, see Section 4.1 for detailed
analysis. The existence of the equilibrium is stated as follows (see proof in Appendix F). Again,
as we discussed in Section 2, the equilibrium here in the network model is different from the
user equilibrium by Wardrop (1952), which is a steady state regarding the users’ travel preference
when facing different route choices. Our equilibrium, also the matching equilibrium of taxi, e-
hailing, and ride-hailing markets (Yang et al., 2010; He and Shen, 2015; Xu et al., 2021), comes
from the consecutive matchings performed by the platform, resulting in a stationary state for the
equilibrium variable m, meaning that the number of awaiting order bundles, vacant drivers, and

remaining merchants are stationary in the system.

Proposition 1 (Existence of equilibrium). There exists a three-sided equilibrium satisfying the

equilibrium condition as described in Definition 5.

Proof. See Section F. O

5 The stationary matching and dispatching

This section discusses the two decisions we considered from the platform’s side, namely the matching
and delivery dispatching decisions. Also, with the mathematical formulation, we develop a solution
algorithm to solve the stationary matching and dispatching (SMD) problem. We focus more on the
planning value of our model. Therefore, the problem solves the continuous customer demand rate
and vehicular flow instead of focusing on solving vehicle routing problems which are typically integer
programming problems. For readability, we discuss the objective of the SMD problem using two
subsections. Although they should be considered as a whole in the SMD (see Figure 1), considering
the computational efficiency, we discuss later in Section 5.3 that we approximate the SMD problem
with a two-stage iterative algorithm which is particularly beneficial when dealing with larger-scale

networks in practice.

The first decision problem is matching. We consider a batch-matching process, in which the
platform dwells for a certain duration to accumulate some drivers and order bundles and then
perform matching altogether. The second decision problem is dispatching. We consider bundling
delivery, which allows multiple orders in each delivery route. We compare three different delivery
dispatching strategies based on the different goals of operation from the platform, which are, the
random-bundling strategy (RBS), the delivery cost minimization strategy (DCS), and the waiting

time minimization strategy (WTS).
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A three-sided network equilibrium model for on-demand food delivery services

5.1 Platform’s decisions on matching and delivery dispatching

The food delivery platform coordinates the drivers to serve the delivery demands of customers. This
section describes the platform’s decision-making processes as a leader to achieve certain objectives

in batch-matching and delivery dispatching problems.

We discuss three assumptions before we delve into the details of the platform’s decision. First,
we assume that the uncertainty regarding delivery drivers’ attitudes toward the pickup advisory is
negligible, where the pickup advisory provides the suggested pickup destinations (merchant places)
based on the batch-matching results. In practice, there will be some drivers who do not follow the
pickup routing advisory (see Li and Phillips, 2018 and Liu et al., 2021) such that the efficiency of
the batch-matching process is reduced. In this study, we focus on formulating the SMD problem but
do not consider this uncertainty. Secondly, we do not consider the scenario with the oversaturated
demand. In such scenarios, the food delivery supply is not sufficient in each batch-matching process
which leads to significant delay and market failure. This assumption allows us to analyze under the
guarantee of a sufficient source of food delivery supply so that the service quality is satisfactory.
Besides, we assume fixed travel times, as justified by existing studies in on-demand mobilities (e.g.,
Yang et al., 2010; Zhang et al., 2023). The impact of food delivery flow on the congestion level
is more complex than that of common traffic. In urban areas, delivery drivers usually ride e-bikes
(such as in large metropolitan areas in North America and the majority of places, if not all of them,
in East Asia) for delivery, and many places have dedicated lanes for non-motorized vehicles (Liu
et al., 2021) and thus the delivery is not impacted by normal automobile traffic. While in suburban
areas, the traffic is usually negligible. We therefore do not consider the congestion and leave it for

future study.

5.1.1 Batch-matching problem with equilibrium constraints

We first formulate the matching problem of the food delivery platform. We consider a food delivery
platform that employs a batch-matching process to pair awaiting vacant drivers with order bundles.
This process first accumulates order bundles and vacant drivers within a time interval to form a
batch, and subsequently, the system matches these batches of order bundles with vacant drivers to
improve system-wide performance. From a merchant’s perspective, there are multiple order bundles
before matching, each of which contains several orders that could be from different locations or the
same. For drivers, when they are assigned an order bundle, they follow the instructed delivery path
(as defined in Definition 2) to deliver the orders one by one. Since there are multiple vacant drivers
and order bundles accumulated, it is anticipated that performing batch-matching can potentially
result in a better matching outcome compared with that under the first-come-first-served policy;
some works in the literature of ride-sourcing have already studied the design of the matching time

interval (e.g., Yang et al., 2020). In this work, we allow delivery drivers to be matched from
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A three-sided network equilibrium model for on-demand food delivery services

other locations (inter-regional matching) instead of restricting the matching within local regions.
In practice, the first priority for matching is normally local drivers. However, there exist some
scenarios where the number of vacant drivers in a region is not sufficient to meet the demand,
which requires the platform to “borrow” some drivers from adjacent regions. This operation also
helps to reposition some vacant drivers as known in the literature (e.g., Luo et al., 2023; Dong
et al., 2024).

Let the distance between the drivers’ and merchants’ locations be 1y, = { Ly, : v € V! dr,m €
N™erk “the distance between the customers’ and merchants’ locations be 1o, = { Lo, : c E NS m €
N q be the vector form of the customer demand rate ¢, and A" be the vector form of the
matching flow M, . We consider that vacant drivers matched will be paid at w $/km plus a base wq
for their traveling for pickup, each customer will pay a fee of p $/km to the platform for their food
delivery service, and customers pay p, on average for each order. We then consider the following

cost function of batch-matching in Equation (1) (a minimizing problem so there is a minus sign):

Fula, M) = = [yl @+ plia — (wo + wl), )X (24)

where vp,17q represents the commission charged to merchants on every purchase of order on the
platform, pl), q represents the revenue of the delivery fee charged to customers, and (wq +wl,,) A"
represents the wage paid to drivers for their pickup journey. Readers are directed to Table 4 for
the meaning of each symbol. Equation (24) represents the revenue less the matching cost. Apart
from the cost function, the feasible set of the matching flow 7, in Equation (1c) is defined by the

following conditions:

722 Mo =2 min’, (25)
TZ)\ﬁm <miy® :Vm, (26)

TZMfm <md v, (27)

where Equation (25) means that the total number of matched vacant drivers should be equal to
the number of order bundles (since we assume the total number of order bundles is less than the
total number of vacant drivers). This condition is also known as the market-clearing condition in
the literature (Yang et al., 2010). Equations (26) and (27) ensure that the matched vacant vehicles
or order bundles do not exceed the existing awaiting ones. As a result, the feasible set of the
batch-matching problem F, := {4, : Equations (25) to (27)}.
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A three-sided network equilibrium model for on-demand food delivery services

5.1.2 Delivery dispatching problem with order bundling

The second decision of the platform is the bundling delivery dispatching on determining the path
flows, denoted A%. Unlike traditional vehicle routing problems, which aim to find the optimal
sequence of routes, we consider this problem from a higher perspective, focusing on the vehicular
flow of each delivery route. The central idea of this continuous approximation is not to determine
the optimal visiting sequence, but to find the ”best” route(s) among all possible routes and assign

drivers to them.

The delivery paths and their length can be enumerated by computer algorithms, and they are
exogenous, which means they are available once the geographical information of a studied region is
known. In practice, the enumerating process can be done in reasonable times (say, several minutes
using a laptop) if the bundling ratio is not very large and can be further accelerated by using
parallel computing techniques. As for the bundling delivery dispatching problem, we shall first
look into the number of decision variables. Let N3¢ denote the delivery area of merchants at m
and |[N3°!| represents the number of potential customer locations within the delivery area. For
any bundling ratio k < k of merchants at m, the set of all possible bundles of size k is denoted
as BE, the total number of all possible bundles of all k’s is obtained by I, = Z£:1 |BE|. The

INdel| 4k —1

cardinality |BF | is obtained by a combinatorial number |BE | = This value is

obtained by the following logic. We consider the number of possible order bundles as how many of
combinations with repetitions (each element of the set can repeat) are there to take k nodes out of
|Ndel| nodes, and there are established theories to calculate this number (Brualdi, 2010, pp.168).
For all merchants, the total number of delivery paths is [AD| =", lm.

The delivery dispatching problem is to determine the optimal path flow of each delivery path,
i.e., to solve for the decision variable A%. The optimization objective varies, for instance, reducing
the delivery cost or reducing the customers’ waiting time. On the other hand, it is also beneficial to
investigate the scenario where the platform does not intervene in the delivery dispatching process so
that we can know how much improvement the optimized operation can offer. In such a scenario, the
order bundles are formed randomly, and the delivery drivers pick up whatever they obtain as soon
as they arrive at the merchants. To sum up, we formulate and compare three different objectives
for the bundling delivery dispatching problem: 1) a random-bundling strategy where there is no
platform intervention, 2) a strategy on minimizing labor cost (and thus improving profit), and 3)

a strategy on minimizing the customers’ waiting time.

Apart from the decision variable of the delivery dispatching problem, we also look into the
feasible set Fy; in Equation (1d). The constraint defining F; is merely the food delivery demand-—
supply equilibrium as we analyzed before in Sections 3 and 4.2. According to Equation (16), the
demand—supply constraint yields Fy := {A% : AAb> =q}.
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Random-bundling strategy (RBS). When the platform is not involved in delivery dispatch-
ing, the customer orders are randomly (spontaneously) formed as bundles and there is no pre-
organization of the order bundles. As a result, each delivery path could happen at random and
the objective function in Equation (la) becomes solely f,(m,A"). We refer to this approach as
RBS, an initialism for the random-bundling strategy. Unlike other strategies, the RBS does not
necessitate an optimization process. However, during the evaluation phase, the profit is determined
by subtracting the monetary delivery cost from f,, maintaining consistency with other strategies.

The vehicular flows of each delivery path are be calculated in closed form to substitute f; and Fy,
by the flow originating from a merchant multiplied by the probability of the appearance of each

order bundle of that merchant:
)\fm- =\0, P(By, ilm), (28)

where m € N™' i € Z,,,, and P(B,,,;|m) denotes the probability of the appearance of each order
bundle from each merchant based on customers’ demand rate for that bundle. Considering there

are different permutations of customers in a bundle, the probability P(B,,|m) is obtained by

P(Bpmi|m) = |Bm7i‘p H

P(m) "’ (29)
c€Bm,i

where the probabilities P(m) and P(c,m) are obtained based on the demand rate: P(c,m) =
Zqﬁ and P(m) = ﬁ; |- |p calculates the number of unique permutations of each

order bundle B,, ;, which is

k!
HcGUnique(Bm,i) C(C7 Bm,z) I

|Bin.ilp = (30)
where C(c, Byy,i) returns the number of ¢’s in By, ;, and Unique(-) gives the unique elements in B,, ;.
For instance, an order bundle of merchant at node 1 contains {1,1,2,3}, then, C(1,{1,1,2,3}) =2,
Unique({1,1,2,3}) = {1,2,3}, and |{1,1,2,3}], = 57 = 12.

Delivery cost minimization strategy (DCS). In this strategy, the platform intervenes in the
delivery dispatching process to reduce delivery costs. Since the batch-matching process has already
aimed at improving profit, it is conceivable to consider reducing the labor cost in the delivery
process so as to improve total profit. Under such a strategy, the vehicular flow of each delivery

path is obtained by solving the SMD problem in Equation (1) with fP¢9 in the following form,
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A three-sided network equilibrium model for on-demand food delivery services

and the strategy is called the delivery cost minimization strategy (DCS):

labor cost: wage paid to

delivery drivers

fé)CS ()\fm@) = Z Z )‘;)n,i(wokm,i +wdm,i)7 (31)

m iGInL

where k,, ; denotes the number of orders (bundling ratio) in the bundle ¢ of merchants at m.

Let A%, d, and k denote the vector form of Amnis Amyis km,i, respectively, we have the following

vector form of Equation (31):

FPES(A%) = (wok " +wd " )AS. (32)

Intuitively, to reduce the total driver wage cost, the strategy will assign drivers from the
merchant to the closest possible customer and also try to avoid delivering customers from distant

regions.

Waiting time minimization strategy (W'TS). In ride-sourcing service, customers are subject
to matching and pickup time, and the en-route trip time or delivery time (e.g., Ke et al., 2020a).
In the context of food delivery service, there is another source of waiting time, namely the order
accumulation time. This delay is one of the major differences between RS and OFD services because
of the order bundling in OFD services. The accumulation time is the duration during which a full
bundle is formed. Therefore, customers’ waiting time consists of four parts: matching time, pickup
time, delivery time, and accumulation time. Among them, the matching time and the pickup time
are not directly influenced by the delivery path flow, whereas the other two are. Therefore, the
focus on reducing customers’ waiting time moves to the minimization on the order accumulation

time and delivery time.

For each order bundle, the order accumulation time is how long it will take to form an order

bundle. The accumulation time of each order bundle is

Wi, = max ({0(67877”) :cEBmJ}) 4 € Ly, (33)

qc,m

where C(c,By,.i) is a function returning the number of ¢’s in a bundle B,, ;. Then, let gqp = A5 Ok
be the demand rate for each delivery path where ® denotes the element-wise multiplication (also
known as Hadamard product) and k denotes the vector of the number of orders in each bundle
(each element of k should be less than or equal to the bundling capacity ]Af) The average order
accumulation time W? is calculated by the average of the accumulation time of paths weighted by

qp. Since Equation (33) contains ¢ ,,, W* can be considered as a function of ¢ ,,. Given g, and
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then q, let w, be the vector of Wy, ; dependent on q so w, = w,(q), W is computed by

ap \'
a __
we = (92 wala) (34
where 137;73 represents the probability of appearance of each delivery path. By some simple alge-
braic manipulation, we have the following linear transformation for A%,
T
o Wa(q) Ok o
(M) )

where 17 q means the summation of all elements in the vector q.

From Claim 1, we know that given q, the average delivery time is a linear transform from A%.
Then, we are ready to present the cost function of the waiting time minimization strategy (WTS).
Since Equation (24) considers the total revenue, we multiply W* and wed by Yoedomlem = 1'q

and multiply by value of time:
78 =B [1TM 4 (wa(@) 0 k) T Ap, (36)

where [ is the value of time coefficient to keep f; in monetary unit.

5.2 The SMD problem with equilibrium constraints

The stationary matching and dispatching (SMD) problem introduced in Section 3 is now ready to
be presented with three different delivery dispatching strategies. Let EQ, BM, and BDD denote,

respectively, the initialisms of equilibrium, batch-matching, and bundling delivery dispatching.

SMD with RBS. From Equation (1) and the batch-matching objective Equation (24), we have

fu(m,AH)

min - — [vpoqu -I—plchq — (wo+ wqum)A#:|

) )

s.t. EQ constraints: Equation (23),
BM feasibility: Equations (25) to (27),

where A% is solved by Equations (28) to (30).

SMD with DCS. From Equations (1), (16), (24) and (32), we have

Su(m,A%) fa(Ap)

min = [ypol @+ plla — (wo + wl, )W |+ (wok +wd AP

m, A", A%
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s.t. EQ constraints: Equation (23),

BM feasibility: Equations (25) to (27),
BDD feasibility: A, =q.

SMD with WTS. From Equations (1), (16), (24) and (36), we have

fll«(m7)‘y‘) fd(mv)‘%)
Cmin = [ypolTa+pli,a— (wo+ wll) N+ 8[1TM + (wa(a) 0k) T A
» 1P
s.t. EQ constraints: Equation (23),
BM feasibility: Equations (25) to (27),
BDD feasibility: A, =q.
5.3 Solution algorithm
Initialize Solve delivery Solve batch-
0,0 dispatching matching (m, AW
(m, 2%, 4z problem problem

Setn=n+1

No Yes
End

Figure 4: Flowchart of the solution algorithm.

For small networks and small bundling ratios, the SMD problems can be solved directly using

commercial software such as MATLAB (the built-in function fmincon are designed to solve con-

strained optimization problems). However, for large-scale networks, the problem is harder to solve

because of the equilibrium constraints, the logit-based choice model, and the formulation of the

probability-based delivery path flow in RBS which involves many nonlinear even nonconvex terms.

We then approximate the original problem by its decomposition and use an iterative heuristic al-

gorithm to solve the decomposed SMD problem, which we consider the coordinate descent (CD)

algorithm (Wright, 2015). In this study, the subproblems are the batch-matching problem and the

bundling delivery dispatching problem. The algorithm solves SMD by taking the results of one

subproblem as the input to the other. By doing so, the delivery dispatching becomes a linear pro-

gramming problem because the customer demand becomes constant in the subproblem. Therefore,

even though the bundling capacity is large, which leads to many delivery paths, the subproblem

can still be solved efficiently. On the other hand, the batch-matching problem is also easier to

solve because the delivery path flow is fixed within the subproblem. The algorithm converges to
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a steady-state solution if the demand is not excessively large, which is one of our assumptions,
representing a reachable demand—supply equilibrium of the market. Our attempt to solve for a
large-scale network in the numerical study also demonstrates the convergence of our algorithm.
Numerical experiments demonstrate that the decomposed SMD solutions comply with the original
problem constraints, with a sum of squares of violations at a scale of 1 x 10~ on average, which

allows us to substitute the SMD solution with the solution of the decomposed SMD problem.

Let n and n+1 on the superscript denote the count of iterations, the algorithm (see flowchart
in Figure 4) starts with an initial point m°, )\%’0, and M and updates each iteration as follows
until two contiguous iterations produce results within tolerance and the first-order optimality is

met.

[Decomposed SMD]
A = argmings { £a(Xp, A7, m") s X% € Fy(N",m™)}, (40a)

(m, )" = argminy { fu(M*,m) :m € S, (W, A3""") and N € F,(m)}. (40b)

6 Numerical study on Grubhub data

This section presents numerical studies for the three-sided network equilibrium. The numerical
study uses the dataset provided by Grubhub which is a large food delivery company in the US
(Reyes et al., 2018). Also, we show how the platform’s operations on delivery dispatching benefit
either the platform’s profit or the customers’ waiting time. We then provide sensitivity analyses
on the impacts of the bundling ratio, vehicle fleet size, and pricing policies (i.e., delivery fee, wage,

and commission) to three market players by analyzing performance metrics.

6.1 Experiment setup

We first demonstrate how to translate our model into real practice. Although some classical net-
works, such as the Sioux Falls network, appear to be popular in transportation engineering research,
these networks were initially for traffic flow assignment usage instead of service network design, not
to mention that these networks and the involved data are all synthetic data. Considering that
there is a public dataset from a well-known company, we decided to use the real-world data and
partition the involved region into a network topology. The numerical study is based on the dataset
provided by Grubhub and the dataset was initially introduce by Reyes et al. (2018) on the meal
delivery routing problem (MDRP). The dataset provides information such as order placement and
driver work schedule, allowing us to derive delivery demand and fleet information based on the

dataset. The geographical distribution of orders is shown in Figure 5a where we perform the K-
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(a) Grubhub network. (b) K-Means clusters.

Figure 5: Grubhub network partitioning using K-Means

Means clustering method to partition the area into several regions. The partitioning metrics are
the geographical coordinates and the number of restaurants surrounded (here we use the number
of restaurants within a radius of 1 km). We then connect the adjacent regions and form a network
topology of the studied region. The number of clusters is selected based on the sum of squares
of the distance to the cluster center which is a simple yet standard selection criterion when using
K-Means clustering. We decide to partition the region into 8 regions based on the curve shown in
Figure 5b, because there is no significant benefit of reducing the sum of distance squares to further
increase the number of clusters. To demonstrate the capability of our solution algorithm on its
potential for solving larger-scale networks, we also solve for the partition with 20 regions, where
the number of decision variables of delivery paths increases from 2314 to 27024, and the number
of unknown variables (solved from the equilibrium conditions) increases from 88 to 460. Although
the number of decision variables in total increases significantly, our solution algorithm can still
produce the solution within a reasonable time, and the sum of squares of the numerical violation of
constraints is negligible, providing a strong feasibility of the results. Therefore, it demonstrates the
scalability and efficiency of our solution method. We show in Appendix H to illustrate the network
flow for drivers and customers. Due to the limitation of space, unless otherwise stated, this section
will present the numerical experiments conducted on a network comprising eight regions. We be-
lieve this configuration adequately represents an average-scale town as illustrated in the Grubhub

dataset.

The settings of the exogenous variables are listed in Table 1. Also, the vehicle fleet size and
customer demand are analyzed based on one of the Grubhub dataset samples. All the locations are
considered part of the matching area and there are merchants within each region, and the delivery
area is set to be the second-order neighborhood of each merchant. Unless otherwise specified, we
use the default values k = 4, Np = 600, v = 0.2, w =3, and p =5, respectively. The behavioral

coefficients of customers, vacant drivers, and merchants are listed here for reproducibility of our
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Table 1: Numerical study settings.

Symbols  Unit Values
B [$/hr] 20

v [km /hr] 15

ts [hr] 0.1

T [hr] 0.001
wo (] 1

w [$/km] 3

Do (] 25

p [3/km] 5

v / 0.2

results: 0<% = 0.1, #°"¢ = 0.0005, A" = 0.0001, and #9¢ = 0.01. These experiment settings are
exclusively for illustrating purposes, especially the coefficients of behavioral models. In practice,
decision-makers may need to collect more real-world data and also calibrate the coefficients of the

driver/customer/merchant behavioral models based on local conditions.

6.2 Benefit of the platform’s operations in delivery dispatching

The operational strategy first brings differences to the realized vehicle fleet. Note that the term
“delivery supply” is used to describe the ability of delivering food by the realized fleet, then it
is directly influenced by both vehicle fleet size and bundling capacity. We compare two market
scenarios in Figure 6 showing the composition of three types of drivers for three delivery dispatching
strategies, where on the left it is under a sufficient delivery supply (N 7 =600 and k = 4) while on
the right it is under an insufficient delivery supply (N =470 and k = 3), all others being equal.
Note that the label “vacant” in Figure 6 stands for those drivers on their way to a waiting point,

and only those drivers “awaiting” are eligible for matching.

600

= = Np=451
Np=541 NF=528 Np=547 4 Np=434 Np=438

5001 400 1

I
=3
1=

-= 3004

0,
31.3% B 33.4%

105 40.2%
s Pickup s Pickup

B Occupied 34.5% B Occupied
100

Vacant Vacant
cruising cruising
mmm Awaiting B Awaiting

RBS DCS WTS RBS DCs WTS
Strategies in bundling dispatching Strategies in bundling dispatching

(a) k=4, Ngp =600 (b) k=3, Np =470
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w
o
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=) =3
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o

Figure 6: Allocation of drivers
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Figure 7: Allocation of driver with different Ny under RBS

According to Figure 6, the realized vehicle fleet is smallest under DCS in both scenarios.
The mechanism is straightforward, i.e., by lowering total delivery cost, DCS suppresses driver
earnings and thus the supply of participating drivers. For the platform, a smaller active fleet
reduces labor expenditure and can raise profit. When delivery supply is scarce, the non-intervention
baseline (RBS) produces a large mass of drivers traveling to pickups rather than delivering. This
reproduces the “Wild Goose Chase” failure documented by Castillo et al. (2025), where drivers
spend substantial time deadheading to pickups, leaving very few immediately available for matching
in our experiments. Figure 7 plots driver counts by status against fleet size, under RBS dispatching,
showing that this fragile regime arises primarily under low supply and that, for some fleet sizes,
multiple equilibria can occur. By contrast, DCS and W'TS tend to sustain a small but positive
pool of waiting drivers eligible for assignment, preventing collapse into a pickup-dominated state.
Shown in Figure 6, there are pools of awaiting drivers under DCS and WTS who are eligible for

new order assignment. Therefore, platform intervention improves market robustness.

Table 2 reports waiting-time components across demand-supply conditions. With sufficient
delivery supply, the matching queue clears each interval and the expected matching time is neg-
ligible for all strategies, which is consistent with queueing theory and prior models (Zhang et al.,
2025). In contrast, under supply shortage the non-intervention baseline (RBS) exhibits large match-
ing and pickup times because few drivers are immediately available. In other words, the market
does not clear which leads to a large amount of matching time. Platform interventions (DCS and

WTS) stabilize the system in this regime, yielding more reliable profit and customer waiting times.

Table 2: Comparison of waiting times across delivery dispatching strategies.

Sufficient delivery supply Insufficient delivery supply

Metrics \ Strategies RBS DCS WTS RBS DCS WTS
Customer waiting time [hr] 0.51 0.47 0.40 1.17 0.46 0.42
Accumulation time [hr] 0.12 0.19 0.08 0.10 0.15 0.09
Matching time [hr] 0.0005 0.0003 0.0005 0.36 0.0004 0.0005
Pickup time [hr] 0.20 0.10 0.12 0.52 0.19 0.21
Delivery time [hr] 0.19 0.18 0.20 0.19 0.12 0.13
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Also, Table 2 shows that, under sufficient delivery supply, WTS produces the lowest total customer
waiting time relative to RBS and DCS. A decomposition of waiting times indicates that the im-
provement comes primarily from shorter accumulation time (faster bundle formation), while other
components are comparable or only slightly affected. Thus, WTS improves service level chiefly by

reducing pre-match congestion.

Table 3 shows more metrics other than waiting times. Platform profit rises substantially under
DCS compared with RBS, as shown in . The gain is driven by higher revenue induced by shorter
delivery times and the resulting demand increase, and by lower repositioning cost. Profit under DCS
also exceeds WTS, mainly because DCS further reduces repositioning (inter-nodal pickup flow) and,
to a lesser extent, delivery cost. Total customer demand is highest under DCS. By Equation (2),
demand responds to matching and delivery times, both of which are smallest with DCS. Although
WTS minimizes total waiting time, its advantage stems mostly from accumulation time, which
customers do not directly perceive in the app; accordingly, it does not translate into higher demand.
Drivers’ hourly earnings are lowest under DCS and highest under WTS. The predicted earnings
are consistent with external evidence (about $23/hour in the United States; Indeed, 2025). The
bundling ratio is also highest under DCS where bundles are larger yet predominantly concentrated

within one or two regions (Table 6 in Appendix G).

Table 3: Comparison across delivery dispatching strategies.

Metrics \ Strategies RBS DCS WTS
Customer waiting time [hr] 0.51 0.47 0.40
Platform profit [$/hr] 3773 10310 6363
e Revenue [$/hr] 15785 20819 19165
e Driver wage cost [$/hr] 7607 7865 8014
e Reposition cost [$/hr] 4405 2644 4788
Total customer demand [/hr] 877.2 1046.7 985.6
Total number of merchants 230.7 244.2 221.8
Realized vehicle fleet 541 528 547
Driver hourly earnings [$/hr] 22.2 19.9 234
Average bundling ratio 1.92 3.60 2.10

6.3 Spatial distribution of flows

Figure 8 shows that the flow under RBS is amortized, but the flows are concentrated under DCS
and WTS. In other words, only a handful of delivery paths are assigned with occupied drivers for
each merchant under DCS and WTS. In Appendix G, we list the flow of each delivery path and
the sequence of delivery order. It is shown that WTS tend to produce small bundles, where single

orders are often, consistent with its reduction in accumulation time and its higher earnings. While
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Figure 8: Delivery path flows (each pink block represents the coverage of a region).

under DCS, the orders bundled are concentrated in similar regions. We interpret this effect that
bundling the orders sharing the same OD is the most ideal case but not always possible in practice,
because of the demand—supply equilibrium constraint. This assignment preference also reduces the
accumulation time because customers do not need to wait for those who are from other regions

(these demands are typically smaller compared with local demand).

We provide the network structure of flows in Figures 9 to 11, where we visualize the spatial
distribution of flows under three bundling dispatching strategies: random bundling (RBS), delivery

cost minimization (DCS), and waiting time minimization (WTS). In Figures 9 to 11 , panel (a)

o .
m,i

displays the multi-stop delivery path flows A2 . up to four stops which is the bundling capacity
we used in this numerical study; panels (b)-(d) report the realized customer demand gc,, the

matching flow M . and the vacant-vehicle flow A%, respectively. A common baseline observation

vm> v
reveals that, in all strategies, panels (b)—(d) concentrate on local matching. The distinction appears
in panel (a). Under RBS, ribbons are numerous and diffuse, indicating broad mixing of intermediate
stops which is conceivable for a random-bundling strategy. In contrast, DCS and WTS compress
the ribbons into a limited set of high-throughput corridors. This concentration is consistent with
their objectives, i.e., minimizing wage cost or minimizing customer waiting time, which naturally

produces geographically compact delivery sequences.

First, path lengths differ across policies. Under DCS and WTS the paths are largely reduced
to within one or two geographical regions, with only a thin residual directed to third or fourth
stops. Note that we consider, say, a bundle {1,2,2} being within two regions but the bundling ratio
is 3. RBS, by contrast, sustains a much heavier long tail of 3—4 stop sequences. This difference

matters operationally, shorter tours reducing delivery time and improving service quality.

Second, the platform’s intervention provides less inter-regional travel which contributes to
shorter delivery time, among others, where the average number of geographical locations visited
by drivers during delivery are 1.56, 1.53, and 1.41, respectively, for RBS, DCS, and WTS. There-
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(b) Customer demand g m (d) Vacant vehicle flow A%,

Figure 9: Flow distribution under random-bundling strategy (RBS)

fore, DCS and WTS produce a small number of stable corridors with limited cross-over, while
RBS exhibits frequent crossings between intermediate stops. The former implies predictable, high-
throughput lanes that can be explicitly supported by practical regulations (e.g., by micro-zones or
dedicated delivery), whereas the latter implies dispersed traffic with higher pickup distance and un-
certainty. These path-level distributions cannot be inferred from aggregate utilization alone while

easy to analyze using our network model.
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Figure 10: Flow distribution under delivery cost minimization strategy (DCS)

Third, the figures reveal a clear downstream propagation of early choices, a network effect.
When policy concentrates flow on the first stop of a path, that concentration persists to later stops,
propagating to the occupancy of downstream nodes and, ultimately, the realized demand g ,,. The
effect is most visible under DCS and WTS. It reinforces a small set of first-leg pairings, yielding
high-throughput, steady corridors for supply flows. This propagation has the ability to couple
matching (panel c), repositioning (panel d), and demand realization (panel b). For practitioners,
by altering early stops of paths, the system could indirectly move where vehicles will next be free

and where demand will be effectively served. This interdependence substantiates the value of the
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Figure 11: Flow distribution under waiting time minimization strategy (WTS)

1 network model, which captures how local policy at the first stop reorganizes the entire chain of the

> feedback loop.
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6.4 Impacts of the bundling capacity and total vehicle fleet size

Figure 12 shows the impact of the bundling capacity k and the total vehicle fleet size Np on 6
metrics. The impact of total fleet size is simpler than that of bundling capacity. In most cases, it
influences the number of awaiting drivers and thus impact on the customer end. From the figure,
we can see that the influences of Ny are typically monotonic. When k=3and N = 470, it is
apparent that the market is experiencing an unhealthy condition (dashed line), as evidenced by
the fact that few drivers are available for matching (Figure 12.e). In general, under the current
experiment setting, these metrics hold a monotonic relationship with k under RBS and DCS, with
some exceptions being non-monotonic under RBS such as total customer demand. Under WTS,
these metrics are typically insensitive to k. This can be attributed to the small-bundle strategy, as

we discussed earlier in Section 6.2, which makes the bundling capacity non-influential.

Under RBS, sometimes the metrics are non-monotonic with respect to ]Af, such as customer
waiting time and total demand. The bundling capacity k has a direct impact on these metrics
under RBS because order bundling happens randomly, which means that every delivery path is
possible to occur. In terms of total demand, as k increases, the customer demand first increases
because larger bundling capacity helps serve more demands. However, it ends up with a decreasing
effect because a large bundling ratio essentially increases delivery time and, in turn, reduces the
total demand. This effect is not pronounced in the current setting, and only at high fleet size the
non-monotone trend can be observed. We interpret it as the influence of the supply sufficiency.
Intuitively, increasing the bundling capacity would contribute to the delivery supply, but it would
negatively impact the service quality, leading to a decrease in demand. If the delivery supply is
sufficient already (e.g., the vehicle fleet is large), the negative impact would occur more “quickly;”

otherwise, the negative impact would not present.

The relationships between metrics and k are monotonic under DCS. Here, since k denotes
the bundling capacity, the actual bundling ratio is not necessarily equal to lAc, and through our
experiment, they are actually very different (see Figure 12.d). As k increases, those paths under
small k’s are also included in the set of all paths. If {B}k denotes the set of all the order bundles
with bundling capacity k, we have {l’)’}iCl C {B}’%Q for k1 < k. Therefore, increasing k leads the
market to a single direction, which is typically towards a better situation (in terms of the objective
function) since the decision space is larger. The driver earnings decrease with k because as bundling
capacity increases, the platform has more degrees of freedom to reduce the delivery cost and thus

leads to less driver earnings. This also reflects a negative impact on the driver’s welfare (surplus).

6.5 Impact of the pricing strategy on the three-sided market

Figure 13 depicts the sensitivity analysis of the pricing strategies on the three-sided market, namely

1) the delivery fee p charged to customers, 2) the wage w paid to delivery drivers, and 3) the revenue
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Figure 12: Impact of k and Np on system metrics.

commission 7y charged to merchants. These pricing strategies are imposed on each player, but they
can impact all the players in the market. It is realized by the three-sided equilibrium where all
the players are endogenously interconnected. To showcase the impact of customer demand on
merchant behavior, we slightly increase the corresponding parameter. The dashed lines indicate
the scenarios with an unbalanced demand—supply relationship, under which there is no steady state
under the RBS dispatching strategy. In the horizontal direction, there are five metrics, which are
the platform profit, customer waiting time, total customer demand, realized fleet size, and the
number of merchants that are willing to be online on the platform. The first two metrics are key
performance metrics for platform operators, while the last three metrics endogenously reflect the
behavior of three market players. In the vertical direction, there are different pricing strategies
where we take w =3, p =25, and v = 0.2 as benchmark values and conduct comparative analyses.

In the first row of subfigures, we increase w and fix (p,v) = (5,0.2); the second row we increase p
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and fix (w,v) = (3,0.2); the third row we increase v and fix (w,p) = (3,5).

The first and second rows of Figure 13 clarify the impact of the distance-based wage w and
the distance-based delivery fee p. The first row shows a monotonic effect of increasing w where
higher wages raise drivers’ earnings, thus enlarging the realized fleet. Changes in w primarily
influence driver participation and customer waiting time, which then propagate to customer demand
and merchant participation. On the customer side, better service translates into higher demand
and shorter waiting times. On the merchant side, the greater reliability of pickup and delivery
encourages more merchants to go online, increasing the active merchant count. These effects are
system-wide, not limited to drivers. The second row, examined jointly with the first, highlights
that the wage—fare relationship must respect w < p and even with a considerable gap. For a large

p, especially under WTS, its impact to profit becomes negative due to the decrease in customer

demand.
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Figure 13: Impact of v, w, and p on system metrics

However, if the wage is close to the delivery fee, the relationship of metrics may exhibit non-
monotonic behaviors, e.g., Figure 13.b2, and under some conditions the equilibrium is not even
reachable because of over-saturation of customers and thus delivery insufficiency. The platform
intervention, especially DCS, exhibits again its superiority against ill demand—supply conditions.
The third row of Figure 13 presents the impact of commission charge, a proportion of restaurants’
revenue that is taken by the platform. Although its direct influence is only on the number of
merchants willing to be online on the platform, it also endogenously impacts all other entities.
As ~ increases, the platform’s profit is directly impacted, and it increases as well. However, less

merchants will be willing to be online on the platform and in turn, affect the customer demand
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and drivers’ earnings. As < increases, the customer waiting time under DCS surges more rapidly
than that under RBS, indicating a negative impact of DCS under a high-commission market. We
acknowledge that the behavior model of merchants could be further improved if empirical surveys
could be delivered, but it lies outside the scope of this study. In our experiment, we interpret the
major and direct impact of commission increase usually outpaces the impact from demand loss,
which leads to a monotone-like trend of the profit curve. This could be a result of the three-
sided equilibrium because all the other players are endogenously impacted by one player, while the

commission is direct.

7 Conclusion

This paper introduces a network equilibrium model for the three-sided OFD system. The model can
be applied to analyze the complex interplay among three market players, i.e., customers, drivers,
and merchants, whose behaviors are affected by the operational decisions of the OFD platform. The
delivery process is treated as a bundling dispatching problem where drivers are assigned to delivery
paths. This approach enables us to jointly investigate the matching and bundling delivery as a whole
and analyze the OFD market in stationary conditions. We showcase the model’s ability to evaluate
the performances of three different dispatching strategies, i.e., the random-bundling strategy (RBS),
the delivery cost minimization strategy (DCS), and the waiting time minimization strategy (WTS),
and discuss their properties and implications. This study extends the existing literature to model

the OFD market as a three-sided market and derive network matching equilibrium.

Using the proposed model, we demonstrate its practical value by analyzing the flow patterns
of delivery, pickup, and vacant drivers based on a real-world dataset. We compare and analyze the
differences among the results of three delivery dispatching strategies. Our numerical studies reveal
that, platform intervention (i.e., applying DCS or WTS) on the delivery dispatching process is
beneficial in improving delivery supply, by assigning drivers to a few paths that utilize the delivery
capacity. It also implies that bundling orders from different regions is only necessary when some
regions are in short supply of delivery, which initiates inter-regional delivery to supplement the
delivery supply. Results in numerical experiments also reveal that the platform’s intervention in
delivery dispatching enhances the overall system-wide performance by increasing platform profit
and reducing customer waiting time. The proposed model has implications for governments and
OFD platforms to plan appropriate managerial and operational strategies to improve the system’s

efficiency.

Our work provides a fundamental modeling framework for network analyses and optimization
of on-demand food delivery services at a planning level. There are a few limitations to our research.
Firstly, we acknowledge the possibility of reduced heterogeneity within regions due to the approx-

imation of intra-regional travel time using a distribution. Investigating this effect may require a
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more microscopic model to capture the vehicle routings of individual drivers. Second, we simplified
the variations among merchants and orders, including the food product and consumer preferences,
the variations in the demand—supply relationships, and the simplification of customer/driver attrac-
tiveness on target destinations only which neglects the influence of adjacent regions. Additionally,
our model assumes that the decision of merchants to be online on the platform is short-term, based
on their within-day online time. The behavior models of all three players could be calibrated by
survey data and improved by more comprehensive behavior theories, while in this study, the ex-
isting data could not support the parameter calibration. Despite these limitations, the core focus
of our model, which is the network-wise equilibrium, remains robust. This equilibrium is a reflec-
tion of the “average” behavior of each player. We view these limitations not as drawbacks but
as avenues for further exploration in the field of OFD. Future research could be done on creating
an operational decision model on a more microscopic level, and developing behavioral theories for

market players (ideally based on a rich availability of data).
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Appendix A Notation

The following notation conventions are used in this paper. The term “be defined as” is written

as :=. Scalars are written in unbolded letters. Sets are written in calligraphic capital letters, N,

for instance. For any set S, |S| denotes the cardinality, i.e., the number of elements in this set

unless otherwise specified. The lowercase letters on the subscript position mean the locational

information while those on the superscript position mean the symbol’s attributes such as

[}

A\

denoting for “vacant drivers”, etc. We use bolded lowercase letters such as v to denote vectors and

bolded capital letters to denote matrices such as M.

Table 4: Basic notation and definitions

Variables Definition Vector form
Decision
variables
A The vehicular flow of occupied drivers serving the i*” bundle of the Ap
merchant at m € N™¢" (i € Z,,,)
A, The matching rate of drivers at v to m AH
Equilibrium
variables
mess The number of customers’ order bundles in merchants at nodal location m¢
m e N'mer
mdr The number of awaiting drivers (vehicles) at nodal location v € N4 m"
mmet The number of merchants that are willing to be online on the platform m™
at m € Nmer
Sets
N Complete set of all nodal locations
News C N Set of customer nodal locations
Nmer C N Set of merchant (restaurant) nodal locations
N C N Set of vacant driver nodal locations
Ndel C f/ Set of nodal locations within the delivery area of the merchant at
m € Nmer
/\/}?ja“h CN Set of nodal locations within the matching area of the merchant at
m € Nmer
BE, A possible order bundle of size k of merchants at m € N™¢*
Bk, Set of all possible order bundles of size k from merchant at m € N™e*
B Set of all possible order bundles from merchant at m € N, B,,, D Bfn
for k < k
Bp.,i € By, The i*" bundle of merchants at m € N™* (i € Z,,,)
T Set of indexes of order bundles corresponding to the merchant at m €
\/mer
Page over
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Table 4: Basic notation and definitions continued

Variables Definition Vector form
Pm Set of all the sequences of the order bundles By, (see Definition 2) of
the merchant at m € N/™¢*
P € Pm The shortest path corresponding to B, ;.
Se Solution set of mS™, mdr, and m™e" defined by the three-sided equi-
librium
Fu Feasible set of the matching flow
Fa Feasible set of the delivery path flow
Functions
C(c,Bm,i) The count of customers ¢ in bundle B,, ;
Pm(S) All the permutations of set S
Unique(S) The unique items in set S
|- |p The number of unique permutations of set S
Exogenous
variables
P Delivery fee per distance
Do Average order price for each order
Wage paid to drivers per distance
0 Commission charged to merchants as a proportion of revenue
153 Value of time
T Batch-matching time interval
ts Drivers’ dwell time after completing the delivery of an order
k Number of orders in each bundle
k Bundling capacity
mimer Total number of restaurants in the region m € A/™e*
N Ja Vehicle fleet size
ACS, Attractiveness of merchants at m € N™¢ to customers at ¢ € N1
Adr Attractiveness of each region v € N9 to vacant drivers who completed
their preceding delivery task at ¢ € A/°US
i The shortest-path distance starting from the merchant at m € N™* d
and visiting all customers in the order bundle B,, ;
Ly Distance from nodal location z to nodal location y, (z,y) € luy
{(e,), (v,m), (c;m)}
Intermediate
variables
de,m The demand rate of customers from ¢ to merchant m € A'™e* q
Wi The accumulation time induced by each order bundle wao(q)
\OT The OT flow of the food delivery supply from m € N'™¢* through c A
py s The vehicular flow of vacant drivers traveling from ¢ € N" to v € N dr \®
Page over
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Table 4: Basic notation and definitions continued

Variables Definition Vector form

Ao The vehicular flow of drivers in a pickup journey traveling from v € N AP
to m € Nmer

Vim General monetary utility of customers from node c to select merchants
at node m

U Random utility considering perception error of V7i%

ydr General monetary utility of vacant drivers traveling from node ¢ € /%8
to node v € N'Ir

U, 35 Random utility considering perception error of ng

F, The expected earning for vacant drivers moving to node v € N/9r

hy The expected service time for vacant drivers moving to node v € NI

F, The average earning for occupied drivers serving merchants at node
m e Nmer

B The average delivery time for occupied drivers serving merchants at
node m € N™mer

Np Realized vehicle fleet size

Wous Average waiting time of customers for selecting merchant at m € A/™e*

wdr Average waiting time of drivers for selecting waiting location at v € A/

Initialism

BDD Bundling delivery dispatching

BM Batch-matching

MPEC Mathematical program with equilibrium constraints

OFD On-demand food delivery

RS Ride-sourcing

RBS random-bundling strategy

DCS Delivery cost minimization strategy

WTS Waiting time minimization strategy

Appendix B Sources of stochasticity in the model

B.1 Intra-regional distance

The inter-regional distance in this study is approximated to be the geographical distance between
two nodes. We neglect the uncertainties associated with traffic or locational stochasticity, follow-
ing the modeling prototypes of existing studies, e.g., He and Shen (2015) and Ye et al. (2024a),
respectively. For intra-regional travel, we use the following procedure to approximate the average
distance using an approzimated circle. We borrow the idea from the literature (e.g., Yang et al.,

2020 and Li et al., 2024) to represent the catchment area of a merchant node using the idea called
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dominant zone, see Figure 14 as an illustration. If we treat half of the distance from a node to each
of its adjacent nodes as the radius of a surrounding circle (black circles in Figure 14) and there are
multiple of these circles. In the figure, the red dots denote empirical centroids representing each
region where merchant clusters may be located. We approximate the dominant zone of a merchant
region using the average of surrounding circles and thus results in an average circle with radius
rm, m standing for the index of a merchant region. Since the distance between two nodes is twice
of the radius of a surrounding circle, r,, is the average of the sum of the distances to its adjacent
nodes and divided by 2, i.e., 7, = %Zn dm,n where n denotes the adjacent nodes (in Figure 14,
they are {2,3,4,5}) and d,,, denote the distance from merchant m to merchant n. Finally, if
we assume a homogeneous distribution of customers in each region, and with a well-known result
that the expected distance from the center of a circle to a random point within a circle is 2/3 of
its radius, the expected intra-nodal distance is empirically d,, = %rm = %Zn dpm,n. By using this
approximation, we eliminate the 0 distance of intra-nodal delivery, which is unrealistic and also
helps regularize our calculation. This approximation is mostly accurate when the partitioning of
a region results in fine-grained areas. In other words, it is useful when areas are small. However,
applying deterministic distance to a random point may lead to inaccuracy, especially when the dom-
inant zone of a merchant node is not sufficiently small. But the model can be easily implemented
to stochastic programming if needed by introducing a random error to the distance, ffln Then
we have d,, = dp, +§ffl. The stochastic intra-regional distance can be implemented using random
sampling—based simulation in the calculation process (Train, 2009, pp233-269), also known as the
sample average approximation (SAA) in stochastic programming. We solve for the problem in a
stochastic setting in Appendix B.4, but maintain the deterministic approximation in our model to

provide a foundation for future extensions.

B.2 Customer attractiveness

We adopt a relationship with decreasing marginal utility gain from an increasing number of mer-

chants, in the form of [1 —exp(—@"*m )] Aguni for illustration purposes, where m»" denotes
the number of merchants at m, "% and Agl;; are coefficients. The multiplier to flg‘}% can be

seen as a coefficient ranging from 0 to 1 to scale the attractiveness depending on the number of

merchants.

The constant flﬁ‘“}% is essentially an alternative-specific coefficient in the model because it varies
across customers and merchants. The consideration of “attractiveness” is useful in a few aspects.
First, the attractiveness term has the ability to capture the latent influences such as the price of
meals and their quality. Second, the alternative-specific coeflicient makes it more flexible to cap-
ture real-world spatial heterogeneity because customer preferences may exhibit differences across
space. Nonetheless, this behavioral model is for illustrative purposes because practitioners can eas-

ily switch to other models if necessary, such as linear, or replacing 8°">% with an alternative-specific
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@ : resion centroid (merchant)
/\: dominate zone

("): surrounding circles

-~ . .
( J: approximated circle

Figure 14: Illustration of the surrounding circle approximation

coefficient if necessary to capture people’s heterogeneous attitudes toward the number of merchants
in each region. However, it is worth mentioning that our model is based upon the assumption that
merchants produce homogeneous products, and they can be represented by the average attributes
(e.g., delivery time, matching time, etc.) of merchants in that region. Considering the randomness
of the attractiveness of merchants in each region, the attractiveness Ag“;z is subject to uncertainty.
Similar to our discussion regarding intra-nodal distance, we can treat Aguﬂi as a random variable,
which has the ability to capture the uncertainty of customers’ preference of restaurants in a region,
see our demonstration of a stochastic program in Appendix B.4. In terms of calibration process,
the coefficients 8" and 0" as well as the alternative-specific coefficient fl?}% can be calibrated
using real-world survey data, e.g., perform stated-preference surveys and fit the data using max-
imum likelihood estimation or simulation-based methods for parameter estimation (Train, 2009,
pp41-85). For example, stated-preference surveys can be designed to ask people which merchant
they would prefer when several merchants are provided for them to choose, where each merchant
has different attributes (number of merchants surrounding, distance, average delivery time, etc.).
Calibrating such models may require a sufficient number of survey responses from customers who
make statements of which merchants they would prefer, given a few alternatives. The merchant-

related data are also not difficult to obtain, such as the number of restaurants in each region, etc.
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B.3 Driver attractiveness

If we consider a form of A similar with that of customer demand, we have AL = [1 —
exp(—f9¢m)] - A where m!™ denotes the number of merchants willing to be online on the
platform at v, 9% and Ag‘; the coefficients for the choice model. Similar to the choice model
of customers, AS}; can be seen as an alternative specific coefficient representing the spatial hetero-
geneity of drivers’ attitudes across regions. We also present the demo of considering stochastic
attractiveness in Appendix B.4. These parameters as well as 9 can be calibrated by conducting

stated preference surveys and doing parameter estimation.

B.4 A stochastic program illustration

We discuss in this section regarding the randomness involved in our model. From Sections 3 and 4.1,
we consider three sources of randomness in this section, namely the intra-nodal travel distance,
attractiveness of merchants to customers, and attractiveness of each location to vacant drivers. We
denote their random terms as éd, EC, and é“, respectively, and stack them into a unified vector
E . For illustration purposes, we use the Gaussian distribution with 0 mean and a small standard
deviation that almost prevents drawing negative values (for instance, for intra-nodal distance, the
standard deviation is taken to be 1/4 of d,, for each merchant). Since these are from different
players and have different sources of randomness, we can assume that these random variables are
ii.d.. Following the structure of the stochastic programming in Boyd and Vandenberghe (2004, pp.
209), we take the expectation of the objective functions and constraints to consider the problem
under an expected scenario with respect to the uncertainties in intra-nodal traveling. Then, from
Equations (1) and (23), the SMD problem becomes
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[SMD-SP] :

min E{fu(m,Au;é)"i_fd(qv)‘%?E)}

m, A", A%

st E(h) =E|a—g(m, N h(a),§)] =0,

E(hQ) =E Z)‘gm_z)‘fv(mv’\#ﬂ\%’g)] =0,

E(hs) =E| > M= D A

=0,

Lv ENTIYILlatCh 1€Lm

(41a)
(41b)

(41c)

(41d)

(41e)

E(hs) =B [Ne =Y D" hmidpi+ 2> hea QMmN AD,8)+ DY hum N, + > mi"| =0,

E(hs) : Ap € Fyi={Ap

m €lm

E[A@Xp—a] =0},

AM € f#(m)7
[SMD-SP-SAA] :
. 1 0
q7mrg\1£1,/\% N ;fu(q,/\“,fn)-i-;fd(q’ Pagn)
s.t.

1
N zn:h(gn) = 07

Me Fu(m),

(41f)

(42a)
(42b)
(42c¢)

(42d)

where h represents the vector for all equality constraint functions. If we choose N = 100, and

the settings k= 4, Np =600, and all default pricing settings as stated in Section 6.5 we have the

following metrics.

Appendix C Proof of Claim 1

To prove that the transformations from A% to Wf‘fn and W are linear, we just need to construct

such transformations. We first construct a matrix M (JN°%| by 3", I,,,) using the logic as follows.

For each column (corresponding to each delivery path), the element (corresponding to each customer

location) is assigned the delivery time if the corresponding path traverses this customer, and 0
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Table 5: Metrics under each delivery dispatching strategy.

Metrics \ Strategies RBS DCS WTS
Customer waiting time [hr] 0.51 0.49 0.41
Platform profit [$/hr] 4021 9113 6812
Total customer demand [/hr] 893.0 1040.2 1005.4
Total number of merchants 230.7 244.2 221.8
Realized vehicle fleet 543 542 549
Driver hourly earnings [$/hr] 22.5 22.2 23.7
Average bundling ratio 1.92 3.60 2.10

1 otherwise, where the delivery time is computed from the time that a driver leaves the restaurant
> to the time that the order is delivered to the customer at ¢, following the sequence specified in that
3 path. Then, the average delivery time is computed as the average of the delivery times weighted

4 by path flow

]_TMCdA% 1TMcd

d
5 wed = N Tq 2%. (43)
6
7 With M, we should notice that M is a matrix that consists of Mf,‘f, ie., M .=
8 [M‘l”d Y C Mfﬁfm| . We construct M¢4s (JN/€Us|. | Nmer| by S T,.):

M 0 ... O

y 0 My 0

9 M = ) (44)
0 0 ... M«

10 Let an‘fi,c be the delivery time for customer ¢ in bundle i of merchant m. The average delivery

1 time for customers at ¢ ordering food from merchant at m in Equation (2) is computed as

EiGIm Wr%d,i,c ;)n,i
D i€ T i
13 :u{m(McdSA% 2q), (46)

12 wel = (45)

[
IS

where @ denotes the element-wise division and ¥ ,, is an indicator vector of size cm by 1 and with

s value 1 at location (m —1)|N.|+ ¢ and 0 elsewhere.

-
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Appendix D Proof of Claim 2

Given a stacked vector for all the path flows of all merchants as A%, we construct a matrix in this

proof such that

MeAp=X2=<>" Y A cENTS S (47)
m ¢ that P, ;
ended at ¢

The matrix M has shape [[N°"|,>", I,,] where |- | denotes cardinality. It is constructed as
follows: for each merchant there is a submatrix, for each column (representing each delivery path
of that merchant) of each submatrix, the index is assigned 1 if the corresponding customer node ¢
is at the end of that path and 0 otherwise. Therefore,

M = {M{lle, Mge . Mf’ﬂ , (48)

where, for instance,

I, columns

(0 o --- 0]
00 --- 1

Mfﬁz 10 -+ 0 C rows. (49)
0 1 0)

In the above example of merchant m, the first delivery path, indicated by the first column,

has an end point at node 3, the second path at node ¢, and the last path at node 2.

If we do M“)\%, we obtain the sum of all flows that end at each node, realizing Equation (11).

Appendix E Proof of Claim 3

Before we proceed, we first claim two lemmas.

Lemma 1. The second equality of Equation (20)

SN = A (50)

1€Lm
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can be vectorized to
M"™AL = Ay, (51)
ustng a matric M'™P,

Proof. We construct such a matrix M"™? in this proof. It has shape [m, )", I,;] and it is constructed
as follows: for each merchant (each row), the element is assigned 1 if the index corresponds to that

merchant, and 0 otherwise. Therefore,

1] o] o .. o] ]
0;, 1, 0/ ... 0}
T T T T
N 52)
T T T T
0/, 0L 0 .. 0Of
T T T T
0/, o) o] .. 1] |

where 1}—m denotes a row vector of ones with length I,,, and so does O}FM. Loosely speaking, it
also means that these locations correspond to the paths of the merchant indexed m. With M™P

constructed, we have M™PA% = A7 . [ |

Lemma 2. The calculation

SN NL=x (53)
m ¢ that P ;
through c

can be vectorized to
MCC}"(IJD = A(t)hrouth c (54)

using a matriz V.

Proof. We construct such a matrix M in this proof. It has shape [c,Y",, I»] and it is constructed
similar to M as follows: for each merchant there is a submatrix; for each column (representing
each path of that merchant) of each submatrix, the index where the corresponding node is visited

by that path is assigned 1, and 0 otherwise. Therefore,

M= [Me Mg - M| (55)
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where
Im columns
(0 2 ... 0]
10 --- 1
Mc=11 0 --- 1| }crows.
0 1 1]

(56)

In the above example of merchant m, the first delivery path, represented by the first column,

visits nodes 2, 3; the second path visits nodes 1 twice and ¢; and the last path visits nodes 2, 3, c.

If we do M“X%, we obtain the sum of all flows that visits each node and thus we obtain the

aggregate flow covering each node, or the total served demand from each customer location. |

Given matrices M and M, A and b are used for AA) = b in linear programming con-

straints, representing demand—supply equilibrium. The construction of A follows these steps. First,

we introduce A,,:

C rows ) ® ].V.[CC7

(57)

where ® denotes element-wise product, M"™?[m,:] means the m-th row of M"?. Each A,, trans-

forms the served demand of each merchant m for each customer location at ¢ because the first item

on the above equation filters M to function for columns of only merchant m. Then, we let

which transforms /\% to the served demand for each OD.

On the other hand, the actual demand b is computed as follows.

(58)

Given demand matrix
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Q :={¢¢,m} and each column denoted as q,,, we have

b= ¢+ TOWS. (59)

With A and b defined, Equation (15) can be vectorized to AXp = q.

Appendix F Proof of the existence of the equilibrium

According to Yang et al. (2010) which investigate the network matching equilibrium of the taxi
market, it suffices to prove the existence of the matching equilibrium by proving the existence of the
fixed point system, i.e., there exists a pair of equilibrium variables such that (m¢,m") € I'(m¢ m?").
We exclude m™ here because it can be obtained by the closed-form formula in Equation (14) which

contains m¢€.

The existence of a fixed point system can be proved by using Brouwer’s fixed point theorem
(Brouwer, 1911). Let M be the feasible sets of the equilibrium state variables m® and m". Ac-
cording to Brouwer’s fixed point theorem, if the mapping I' : M — M is continuous, and M is
compact and convex, there exists a fixed point of (m°,m") € M such that (m®,m") € I'(m° m").
In what follows, we first show that the feasible space M is compact and convex, then demonstrate

a continuous mapping from (m¢ m") to themselves.

Lemma 3. M is compact and convez.

Proof. First, we demonstrate that M is compact. Since (m®,m") are average numbers of await-
ing bundles/drivers and demand flow, they are continuous variables, and thus the feasible space
(m® m") is closed in its interior. Since the total number of delivery drivers should be no more
than the fleet size, the non-negative number m? is bounded by its definition. Also, according to
our assumption that the number of vacant drivers is more than the number of order bundles, the
non-negative number m¢ is also bounded. Then we have 0 < m¢ < m° and 0 < m" < m", where
m¢ and m" denote the upper bounds for m¢ and mV, respectively. Therefore, M is bounded and

closed then thus compact, and it is also convex because its domain is a polyhedron. |

Lemma 4. The vacant driver flow and the customers’ demand rate are functions of m® and m".

Proof. According to Equation (5), the utility of vacant drivers is related to m" by definition. Vacant
drivers’ utility is also related to the matching rate which is impacted by m€. Therefore, the vacant

¢

driver flow is a function of m® and m". According to Equation (2), the customers’ utility is a
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function of m® by definition, and also a function of the matching rate which is impacted by m".

Therefore, the customers’ demand rate is a function of m¢ and m". |

Lemma 5. m¢ and m" are functions of the vacant driver flow and the customers’ demand rate.

Proof. From Equation (1) we know that m® and m" are solved by the equilibrium conditions,
where the equilibrium conditions include food delivery demand—supply and the flow conservation
conditions. Therefore, m¢ and m" are dependent on the vacant driver flow and the customers’

demand rate which make m¢ and m" functions of A¥ and q. |

With Lemmas 4 and 5, we can establish a continuous mapping from m® and m? to themselves,
ie, (mm’)=T1(A?,q) =T1(T2(mm")) =I'(m® m"). Then, the second condition of Brouwer’s

fixed-point theorem is satisfied, and this completes the proof of the existence of the equilibrium.

Appendix G Flow of each delivery path

Table 6: Flow of paths under DCS

Merchant  Slot 1 Slot 2 Slot 3 Slot 4 Flow

0 1 1 1 1 1 13.707
1 1 2 2 2 2 5.4402
2 1 2 3 3 3 0.4015
3 1 5 5 5 4 2.4059
4 1 4 6 6 6 0.0117
5 1 5 5 5 5 7.3406
6 1 7 7 7 7 4.9357
7 1 8 8 8 8 0.0006
8 2 1 1 1 1 7.9270
9 2 2 2 2 2 58.121
10 2 3 3 3 3 7.4975
11 2 5 5 5 4 0.7410
12 2 ) 4 6 6 0.0056
13 2 5 5 5 5 9.8212
14 2 7 7 7 7 6.1088
15 2 8 8 8 8 0.0033
16 3 2 1 1 1 0.4474
17 3 2 2 2 2 5.4956
18 3 2 5 5 5 0.5855
Page over
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Table 6: Flow of paths under DCS continued

Path index Merchant  Slot 1 Slot 2 Slot 3 Slot 4 Flow

19 3 3 3 3 3 17.246
20 3 7 7 7 7 1.8119
21 3 8 8 8 8 0.0123
22 4 1 1 1 1 2.5442
23 4 1 7 7 7 0.3951
24 4 5 2 2 2 0.7390
25 4 4 4 4 4 5.5580
26 4 5 5 5 5 10.993
27 4 6 6 6 6 0.1535
28 5 4 / / / 38.996
29 5 1 1 1 1 10.075
30 5 1 7 7 7 1.5791
31 5 2 2 2 2 8.2086
32 5 2 3 3 3 0.6022
33 5 4 6 6 6 0.0811
34 5 5 5 5 5 35.105
35 6 4 1 1 1 0.0188
36 6 4 5 2 2 0.0060
37 6 4 4 4 4 0.1713
38 6 4 5 5 5 0.1097
39 6 6 6 6 6 0.2251
40 7 1 1 1 1 3.6179
41 7 1 5 5 4 0.2368
42 7 1 5 5 5 0.9415
43 7 2 2 2 2 3.4765
44 7 3 3 3 3 1.3234
45 7 7 7 7 7 15.344
46 7 8 8 8 8 0.0032
47 8 7 1 1 1 0.0036
48 8 3 2 2 2 0.0133
49 8 3 3 3 3 0.0484
50 8 7 7 7 7 0.0176
51 8 8 8 8 8 0.2754
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Table 7: Flow of paths under WTS

Merchant  Slot 1 Slot 2 Slot 3 Slot 4 Flow
0 1 3 / / / 0.5741
1 1 4 / / / 6.5072
2 1 6 / / / 0.0133
3 1 8 / / / 0.0006
4 1 1 1 / / 26.051
5 1 2 2 / / 9.5368
6 1 5 5 / / 16.511
7 1 7 7 / / 8.8777
8 2 4 / / / 1.5285
9 2 6 / / / 0.0049
10 2 8 / / / 0.0037
11 2 1 1 1 / 10.432
12 2 2 2 2 / 77.614
13 2 3 3 3 / 9.8296
14 2 5 5 5 / 13.558
15 2 7 7 7 / 8.1205
16 3 1 / / / 0.6796
17 3 3 / / / 65.311
18 3 5 / / / 0.8646
19 3 7 / / / 4.5048
20 3 8 / / / 0.0196
21 3 2 2 / / 10.184
22 4 1 / / / 5.8778
23 4 2 / / / 0.8910
24 4 4 / / / 14.593
25 4 6 / / / 0.2913
26 4 7 / / / 0.4739
27 4 ) 5 / / 17.106
28 5 3 / / / 0.8286
29 5 6 / / / 0.1181
30 5 7 / / / 2.5534
31 5 4 4 / / 20.922
32 5 1 1 1 / 13.658
33 5 2 2 2 / 10.533

Page over
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Table 7: Flow of paths under WTS continued

Path index Merchant  Slot 1 Slot 2 Slot 3 Slot 4 Flow

34 5 5 5 5 5 34.845
35 6 1 / / / 0.0197
36 6 2 / / / 0.0046
37 6 4 / / / 0.4777
38 6 5 / / / 0.1542
39 6 6 / / / 0.6668
40 7 3 / / / 3.0594
41 7 4 / / / 0.4218
42 7 5 / / / 1.8095
43 7 7 / / / 56.254
44 7 8 / / / 0.0039
45 7 1 1 / / 6.8668
46 7 2 2 / / 5.6420
47 8 1 / / / 0.0028
48 8 2 / / / 0.0119
49 8 3 / / / 0.0833
50 8 7 / / / 0.0243
51 8 8 / / / 0.9141

Appendix H The flow of drivers in networks

Figure 15 presents the origin-destination (OD) flow for pickup and vacant drivers and the origin-

throughput (OT) flow for occupied drivers under three dispatching strategies. Note that the OT

flow is equal to the customer demand, so it also represents the customer demand rate in the network.
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Figure 15: The network with 8 regions.
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1 Appendix I Extension to a more complex network

; Order
: x  Restaurant

Figure 16: The region partition to 20 regions

> Figure 16 shows our partitioning of the studied region into 20 regions. As mentioned earlier, the
s number of decision variables has increased to 27024 for the delivery path flow, 400 for the matching

s+ flow, and 460 for unknown variables (q and m).
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Figure 17: The network with 20 regions

66



	1 Introduction
	2 Literature review
	3 Problem definition
	4 The three-sided equilibrium
	4.1 Customers, vacant drivers, and merchants as followers
	4.1.1 Behavior of customers
	4.1.2 Behavior of vacant drivers
	4.1.3 Behavior of merchants

	4.2 Equilibrium conditions

	5 The stationary matching and dispatching
	5.1 Platform's decisions on matching and delivery dispatching
	5.1.1 Batch-matching problem with equilibrium constraints
	5.1.2 Delivery dispatching problem with order bundling

	5.2 The SMD problem with equilibrium constraints
	5.3 Solution algorithm

	6 Numerical study on Grubhub data
	6.1 Experiment setup
	6.2 Benefit of the platform's operations in delivery dispatching
	6.3 Spatial distribution of flows
	6.4 Impacts of the bundling capacity and total vehicle fleet size
	6.5 Impact of the pricing strategy on the three-sided market

	7 Conclusion
	8 Acknowledgments
	A Notation
	B Sources of stochasticity in the model
	B.1 Intra-regional distance
	B.2 Customer attractiveness
	B.3 Driver attractiveness
	B.4 A stochastic program illustration

	C Proof of prop.Wcd
	D Proof of prop.vectorcustomerended
	E Proof of prop.vec.supp-demand
	F Proof of the existence of the equilibrium
	G Flow of each delivery path
	H The flow of drivers in networks
	I Extension to a more complex network

